THE CLASSIFICATION OF ORBITS ON CERTAIN 
EXCEPTIONAL JORDAN ALGEBRA UNDER THE 
AUTOMORPHISM GROUP. 

AKIHIRO NISHIO 

Abstract. Let J 1 be the real form of complex simple Jordan al- 
gebra with the automorphism group G of type F 4 (_ 2 o) . Explicitly, 
we give the orbit decomposition of J 1 under the action of G and 
determine the Lie group structure of stabilizer for each G-orbit on 



0. Introduction. 

Let G be an exceptional linear Lie group of type F 4 defined by the 
automorphism group of an exceptional Jordan algebra. The objective 
of this article is for G = F 4 (_ 2 o), to solve the following problem: 

A classification of G-orbits: 

(A) the decomposition of the space of elements in which 
G is represented, into equivalence classes or "orbits". 

(B) the determining the Lie group structure of the sta- 
bilizer for each G-orbit. 

The orbit decompositions are given for G = F 4 and F 4 ( 4 ) in [T2j. 

The definition of an exceptional Jordan algebra J 1 with identity E is 
given in §1. For X,Y G J 1 , the Jordan product of X and Y is denoted 
by XoY. J 1 has the trace tr(Jf) as usual, and (X|y) = tr(XoF) gives 
a non-degenerate indefinite inner product. Moreover, J 1 has the cross 
product of H. Freudenthal X x Y . Then the determinant det(X), the 
characteristic polynomial degree 3 and the characteristic roots 

of X are defined. The linear Lie group F 4( _ 2 o) is defined to be the 
automorphism group of J 1 with the Jordan product. The action of 
F 4 (_2o) preserves the identity element E, the trace, the inner product, 
the cross product, the determinant, the characteristic polynomial and 
the characteristic roots with multiplicity. 

We give the elements E 1 , E 2 , E 3 , P + , P~, Q+(l) e J 1 in §1 
and determine typical orbits in §5. These orbits are the exceptional 
hyperbolic planes "H(O), H'(0), and the exceptional null cones ftf^ (O) , 
A/f (O), Af 2 (0). 
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Proposition 0.1. The following equations hold. 

7 4(-20) (^3) 





H{0) 


= Orb F4{ _ 




do.ilb) 


H'{0) 


= Orb Fi( _ 


_ 20) (E 2 ) = Orb F , 


(|DTTjc) 




= Orb Fi{ 




([031 d) 




= Orb F4{ 




(jO.lle) 


•Af 2 (0) 


= Orb Fi{ 


- 20) (Q + d))- 



Let X G J . In §1, we define the minimal space Vx which is the 
minimal dimensional linear subspace of J 1 being closed under the 
cross product and containing the elements E,X G J 1 . In order to 
present the intersection of Vx and typical orbits, we define the ele- 
ments Ex,\x, Wx,x x G Vx with Ai G R in §1 and the traceless com- 
ponent of X: p(X) G Vx- Using the set of all characteristic roots of 
X with multiplicities and the intersection of Vx and typical orbits, the 
F 4 (_2o)-orbit of X can be described. 

Main Theorem 1. F 4 (_ 20) -orbits on J 1 are given as follows. 

(1) Assume that X G J 1 admits characteristic roots \\ > A2 > A3. 
Then there exists a unique i G {1,2,3} such that 

(i) H(p)nv x = {E x ^}, 

(ii) U\0) n V x = {E x , Xi+1 , E x ,x l+2 } with E xx+1 ± E x ,x t+2 

where indexes i, i + i + 2 are counted modulo 3. In this case, X can 
be transformed to one of the following canonical forms by the action of 

F 4 (_20)- 



Cases 




Canonical forms of X 


1- E XM 


G H(0) 


diag(Ai, A 2 , A 3 ) 


2- E x ,x 2 


G H(0) 


diag(A 2 , A 3 , Ai) 


3- E x ,x 3 


G H(0) 


diag(A 3 , Ai, A 2 ) 



(2) Assume that X G J 1 admits characteristic roots X\ G R, p ± 
\f—lq with p G R and q > 0. Taen X can 6e transformed to the 
following canonical form by the action of F 4 („ 2 o) ■ 

The canonical form of X 



4. diag(p,p,Ai) + F 3 1 (g) 

(3) Assume thatX G J 1 admits characteristic roots \\ of multiplicity 
1 and A2 of multiplicity 2. Then 

(i) E XM e%(0)]\u\0), (ii) W XM e {0}U^(°)II^( o )' 

(iii) E x , Al G ft(O) W XM = 0, (iv) Wx M ^ E x , Al G -H'(O) 

In i/izs case, X can be transformed to one of the following canonical 
forms by the action o/F 4 (_ 2 o)- 
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Cases 



Canonical forms of X 



5. E XM e Hp) 

6. E XM G H'(0), W XM 



diag(A 2 , A 2 , \ x ) 

diag(A 2 ,A 2) A 1 ) + P+ 
diag(A 2 , A 2 , Ai) + P~ 



diag(Ai, A 2 , A 2 ) 



7. W XM e Af+(0) 

8. W XM e^Vf(O) 



(4) Assume that X G J 1 admits a characteristic root of multiplicity 



In this case, X can be transformed to one of the following canonical 
forms by the action o/F 4 (_ 20 ). 



(5) Under the action o/F 4 (_ 20 ), these canonical forms 1 - 12 in (1) 
- (4) cannot be transformed from each other. 



The Heisenberg group Hi m o,o in the sense of J. A. Wolf [201 EI] and its 
subgroups ImO and Hi m o,i m o are given in £JBJ The Lie group structure 
of stabilizer for each F 4 (_ 20 )-orbit on J x is given as follows. 

Main Theorem 2. (Orbit types of F 4 (_ 20 )-orbits on J 1 ). 
The Lie group types of stabilizers of the canonical forms 1-12 in Main- 
Theorem Q] are given in the following table. 



3. Then 



V{X) G {0} J] WO) II A/T (O) II Af 2 (Q). 



Cases Canonical forms of X 



9. p(X) = 3-Hi(X)E 

10. p{X) G A^ + (0) 3-Hv(X)E + P+ 

11. p(X) G A/f (O) S-HrpOE + P~ 

12. p(X) G JV 2 (0) 3^tr(X)P + Q+(l) 



Canonical forms 



Types of stabilizers 



1. diag(Ai, A 2 , A 3 ) 

2. diag(A 2 , A 3 , Ai) 

3. diag(A 3 , Ai, A 2 ) 

4. diag(p,p, Ai) + F£(q) 

5. diag(Ai, A 2 , A 2 ) 

6. diag(A 2 , A 2 , Ai) 

7. diag(A 2 ,A 2 ,A 1 ) + P+ 

8. diag(A 2 , A 2 , Ai) + P~ 

9. 3- 1 tr(X)P 

10. 3-hr(X)E + P+ 

11. 3-Hr(X)E + P 

12. 3~ 1 tr(X)P + g+(l) 
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1. Preliminaries. 



Denote the Cartesian n-power of a set X by X n :— X x • • • x X (n 



times) such as SO(8) 3 = SO(8) x SO(8) x SO(8). Let R be the field 



of real numbers and C := R © V - LR the field of complex numbers. 
Denote F = R or C. Let V be a F-linear space, GLf(V) the group 
of F-linear automorphism of V, and Endp(V) the linear space of F- 
linear endomorphisms on V. For a mapping / : V — > V and c G F, 
put Vf tC := {v G V\ f(v) = cv} and V f := Vf tl . A subset C in V 
is said to be a cone if x G C and A > imply that \x E C. The 
exponential of / G Endp(V) is defined by exp / = YlkLo w e GLf(V). 
Let G be a subgroup of GLf(V) and an automorphism on G. Denote 
the subgroup {g e G\ 4>g = g} of G as For t>i, ■ • • ,v n G V, the 
pointwize stabilizer of {vi, ■ ■ ■ ,v n } in G is denoted by G Vl) ... )Vn . For 
f G V, the G-orbit of u is denoted by Orbc(v) := <? G C7}. 

Let V be an R-linear space. Its complexification V ®r C denoted 
by V c . For / G EndR(K), its complexification is written by the same 
letter /. The complex conjugation on V c with respect to V is denoted 
by r: r{u + \/—lv) := u — y/—lv for all u + \/— lv G V r<c with w, v G V. 

Let F be a F-linear space. A quadratic form on V is a mapping 
q : V ->• F such that (i) q(Au) = A 2 q(w) for all A G F and f G 
V, (ii) the associated symmetric form q : V x V — > F: q(f,w) := 
2 _1 (q(f) + q(w) — q(f — w)) is bilinear. The pair (V, q) is called a 
quadratic space. For a quadratic space (V, q') and a F— linear map 
/ : V — > V, the quadratic form f*q' on V is given by f*q'(x) := 
q'(fx). An isomorphism f : (V, q) — >• (V, q') is defined as / : V — > 
V is a F— linear isomorphism and f*q' = q. Denote the orthogo- 
nal group of (V,q) by 0(V,q) := G GL F (F)| ^*q = q} = {g G 
GL F (V)| q(gv,gw) = q[v,w)} and the special orthogonal group of 
(V,q) by SO(V r ,q) := G 0(V,q)| det(^) = 1} where det(^) is the 
determinant of g G EndpfV). Let k, I be non-negative integers with 
k + I > 0. A quadratic from q k i on R k+l is defined by qki(x) := 
=1 a^fc+j for x — (x\, ■ ■ ■ , Xk+i), and denote the quadratic 
space by {R k, \ qkj). Assume that (V, q) is an R— quadratic space and 
the quadratic form q is not the trivial quadratic from q' = 0. Put the 
subspace rad(V, q) := {v G V\ q(v, w) = for all w G V} in V. Then 
there exist a subspace W of V such that V = W ©rad(V, q) and (W, q) 
is isomorphic to (R ,l ,qk,i) for some integers k, I. The pair of integers 
(k, I) depends only on the quadratic form q and is called the signature 
of the quadratic form q. 

Let O be the R-algebra of octonions [HEIIIIH] wfth a base 1, ei, 62, e^, 
64, €5, e$, e-j and the multiplications among them are given as follows: 1 
is the unit of R; ef = — 1; titj + ejei = for i ^ j; e;e m = e n , e m e n = ei 
and e n ei = e m for each (/, m, n) G {(1, 2, 3), (3,5,6), (6,7,1), (1,4,5), 
(3,4,7), (6,4,2), (2,5,7)}. We write e for the unit 1 of O. Let O c 
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Pg) 
(Oh) 



be the complexification of O with the complex conjugation r. Denote 
6 := O or O c . Let x = Y^i=o x i e i and V = Y^i=aVi e i e ° wit h x i,Vi € 
F. The conjugation is defined by x := Xq — Yll=i x i e ii the inner product 
(x\y) := Y2i=o x iyii the quadratic form n(x) := the vector part 

Im(x) := 2~ 1 (x — x) and the scalar part Re(x) := 2~ 1 (x + x) = (l\x), 
respectively. 

Lemma 1.1. (cf. @|, PQ, 02]). Let &eO. 

dLUa) (xy|xy) = (a:|x)(y|y). 

fll.ll b) (ax|ay) = (a\a)(x\y) = (xa\ya). 

(HUd) M&y) + (6x|ay) = 2(a|6)(:r|j/). 

(HHJe) (ax|y) = (x|ay), (xa|y) = (x\ya). 

(Il.ll f) x — x, x + y — x + y, xy = yx. 

( x \y) = (y\ x ) = 2-\xy + yx) = 2- 1 (xy + yx), 
xx = xx = (x\x). 

a(ax) = (aa)x,a(xa) = (ax)a,x(aa) = (xa)a, 
a(ax) = (aa)x,a(xa) = (ax)a,x(aa) = (xa)a. 

p. H i) b(ax) + a(bx) = 2(a\b)x = (xajb + (xb)a. 

{{ax)y + x{ya) = a(xy) + (xy)a, 
(xa)y + (xy)a = x(ay) + x(ya), 
(ax)y + (xa)y = a(xy) + x(ay). 

(11. Il k) (ax)(ya) = a(xy)a (Moufang's formula). 

p. Il l) Re(xy) = Ke(yx), Ke(x(yz)) = Re(y(zx)) = Re(z(xy)). 

Denote ImO := {x G 0| Re(x) = 0} = {x G 0| x = —x}. The 
quadratic spaces (0,n) and (ImO, n) are isomorphic to (M°' 8 ,qo,8) and 
(M ' 7 , q 0i7 ), respectively. 

Let K be a F-subalgebra of O such that K have the unit 1 and 
x G K for all x G K. Let M(n, K) be the set of all n x n matrices 
with entries in K. For A G M(n, K) with the (i, j')-entry G K, 
let t A G M(n, K) be the transposed matrix having the (z,j)-entry aji, 
A G M(n, K) the conjugate matrix having the (i,j)-entry a^-, and 
denote A* := t A G M(n, K). The matrix in M(n,K) with 1 at the 
(i, j)-th place and zeros elsewhere is denoted by E^j, and the diagonal 
matrix Y^i=i a u E i,i by diag(a n , ■ ■ • ,a nn ). In particular, denote E := 
diag(l, • • • , 1) and I p := - JJ i= i E i,i + £<=i E rH*H e M & + ?» K )- 
The subalgebra C := {xo + Xiei| G 1} of O is isomorphic with 
the field of complex numbers. We use the following notations about 
some of classical Lie groups: 0(n) := {A G M(n, R)| */L4 = 2£}, 
SO(n) := {A G M(n,R)| *A4 = E, det(A) = 1}, SU(n) := {A G 
M(n,C)| A* A = E, det(A) = 1}, 0(p, g) := {A G M(n, R)| 'AT p A = 
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I p } where det(A) and tr(A) denote the determinant of A G M(n,C) 
and the trace of A G M(n, C), respectively. For differential manifolds 
X and Y, X ~ Y denotes that X and Y are diffeomorphic. Let G 
be a Lie group. Its Lie algebra is denoted by Lie(G) and the identity 
connected component of G by G°. For Lie groups G and G', G = G' 
denotes that G and G' are isomorphic as Lie group. Let N be a normal 
subgroup of G and H a subgroup of G. If G = HN and N n H = {1} 
hold where 1 denotes the identity element of G, then G is called a 
semidirect product of N and H, and is denoted by H k N. 

Let z G {1, 2, 3} and indexes i + 1, i + 2 be counted modulo 3. For 
£ — (£1)^2,^3) £ C 3 and x = (£1,22,23) G (O c ) 3 , denote the hermitian 
matrix 

/ 6 23 2i\ 
/i(£;2) := 23" 6 a* J ■ 

21 £3/ 

The complex exceptional Jordan algebra J c is defined by 

J c := {X G M(3, O c )| X* = X} = {h(£; 2)| f G C 3 , 2 G (O c ) 3 } 

with the Jordan product 

XoF := 2~ 1 (XF + FX) for X, y G J c . 

Then is the identity element of the Jordan product. Denote the 
elements E iy Fi{x) G J c as 

E% '■= Fi(x) := xE i+ x :i+ 2 + xE i+2 ^ + i 

where 2 G O c . Then 

6, 2i, 2 2 , 2 3 ) = f=l(&£i + i 7 i(2 i )). 

Let X = Ei=i(6-Ki + ^< F e The trace tr ( X ) is defined 

by tr(X) := + ^2 + 6 and the inner product (X|y) by {X\Y) := 
tr(X o y). Then the inner product (X|y) is a non-degenerate inner 
product. The cross product of H. Freudenthal is defined by 

X x y := 2 _1 (2X o y - tr(X)y - tr(y)X + (tr(X)tr(y) - (X\Y))E) 

[5J (cf. p.232,(47)], US], H2j) with X x2 := X x X. The trilinear 
from (X|y|Z) and the determinant det(X) are defined by 

(X\Y\Z) := (X|y x Z), det(X) := 3 _1 (X|X|X) 

respectively. The characteristic polynomial $js:(A) of X G J7" c is defined 
by $x(A) := det(A£? — X) and a solution of $x(A) = in C is called a 
characteristic root of X. From direct calculations, we have the following 
two lemmas. 
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Lemma 1.2. (cf. [I2])- Let i G {1, 2, 3} and indexes i, i + 1, i + 2 6e 

counted modulo 3. Let X = Yli=i(£iEi + -^K x i))? ^ = Y^=i(Vi^i + 
Fi{Vi)) £ <^" C - 27ien t/ie following equations hold: 

Oa) =X)^i(6»» + 2(x i |y i )), 

(Ob) Ixy = ^^ =1 (2- 1 (e,,+ir ?i+2 + 77 i+1 e i+2 ) - N^)) E t 

+ 5^ *=i-^ ( 2_1 (^+T^+2 + Vi+iXt+2 - iiVi - rjiXi)) , 
([He) det(X) = fc&fc + 2Re(x 1 x 2 x 3 ) - ^ Li&N^i). 



Lemma 1.3. (cf. [12]). Let X, F G ,7 C . T/ien 



2- 1 (tr(X)tr(F) - (X|Y)), 
£7, (ii) X x E = 2-\tr(X)E - X), 



(TOJa) tr(X x F) 

(i) E x E 
(iii) (X x2 ) x £ = 2- 1 (tr(X x2 )£-X x2 ), 

Pb) <J (iv) (X x2 ) x2 = det(X)X, 

(v) (X x2 ) x X = 2" 1 (-tr(X)X x2 - tr(X x2 )X 
+ (tr(X x2 )tr(X) - det(X))E) , 



Oc) $x(A) 



A 3 
A 3 



tr(X)A 2 + tr(X x2 )A-det(X) 

tr(X)A 2 + 2~ x (tr(X) 2 - (X|X))A - det(X). 



The linear Lie group is denned by 

:= {g G GL C (J C )\ g{X oY) — gX o oF}. 

The following result is proved in [16], [12] after 0. Shukuzawa and I. 
Yokota 



Proposition 1.4. Let X,Y,Z ej c . 
(1) For all g G F^ ; 



Pa) tr(oX) =tr(X). 

(2) The following equations hold. 



dUb) 



{o G GL C (J C )\ det(gX) = X, gE = E} 

{geGL c (J c ) | $ gX (A) = $ x (A)} 

{o G GLc(J c )| det(oX) = X, (oX|gF) = (X\Y)} 

(gX\gY\gZ) = (X\Y\Z), 
(gX\gY) = (X\Y) 

g(X xY)=gXx gY}. 



g G GL C (.7 C ) 
{g G GL C (J C ) 
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The IR-exceptional Jordan algebra J is defined by 

J :={X e M(3, 0)| X* = X} = x) \ £ G M 3 , x G O 3 } 

with the Jordan product XoF = 2~ l (XY + YX). Denote the complex 
conjugation r with respect to J in J c . We define cr G GLc(j7" € ) by 

6, 6; £1, ^2, £3) := &(6l> 6, £3; a:i, -x 2 , -ar 3 ). 

Because of det(aX) = X and oE = E, applying (jl.41 b). we see a G F4 
and clearly a 2 = 1 where 1 denotes the identity element of . We 
consider the complex conjugation to in J c and define the involutive 
automorphism ra of F4 by 

T~a(g) = rogor for g G F 4 . 

For £ = (£i>£2, £3) € K 3 and x = (21,22,^3) G O 3 , denote 

/ £1 y/^x-i y/^lx^\ 
tffcx) := ^f^lxi £ 2 xi . 

\ v / ^Ta;2 6 / 

The exceptional Jordan algebra J x is defined by 

J 1 ■= (J C )ra = x)\ £ G M 3 , x G O 3 } 

with the Jordan product X oY = 2~ 1 (XY + YX). Then the Jordan 
algebra J 1 has the trace tr(X) G R, the identity element E of Jordan 
product, the inner product G R, the cross product IxFgJ 1 , 

the trilinear from (X|Y|iT) G R, the determinant det(X) G R and the 
characteristic polynomial is a polynomial with R-coeflicients. 

Let i G {1, 2, 3} and x G O. Denote the elements 

F^z) := F x (x), Fj(x) := F^sf-Lx) with j G {2, 3}. 

Then we see 

h 1 (£i 1 &,&,x 1 ,x 2 ,x 3 ) = ^2 3 i=1 (^Ei + Fl(xi)) 

and for X = £- = i(&^ + G JT 1 , denote 

(X)^ :=Z i = {X\E i ), {X) F y.= x l 

respectively. Moreover, denote the elements 

P + := h\l, -1, 0; 0, 0, 1), P- := h l (-l, 1, 0; 0, 0, 1), 

Q + (x) := ^(0,0,0; x,x,0), Q~(x) := ^(0, 0, 0; x, -x, 0) 

and the subspaces F/(0) := x G O}, F^ImO) := {F/(p)| p G 

ImO}, Q+(0) := x G O}, Q~(0) := {Q~(x)\ x G O}, respec- 

tively. Easily we have the following decompositions of J x . 
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Lemma 1.5. 

(Ola) J 1 = RE 1 © RE 2 © RE 3 © F}(0) © F 2 \0) © F^O), 
(fOlb) J 1 = R(—Ei + E 2 ) © RP- © EE © MF 3 © F^ImO) 

©g+(o)©g-(o). 

We use the notation ( j ) in this article. If i = j then et(j) := 1 
else €i(j) := —1. Then £i(j) = (— l) 1+<5i - 3 where is the Kronecker 
delta and we write the notation e(i) instead of £\{i) for short. Using 
Lemma 11.21 the following lemma follows from direct calculations. 

Lemma 1.6. Let x,y G O, i,j G {1,2,3} and indexes i + 1, % + 2 G 
{1,2,3} fee counted modulo 3. Let X = 5^i=i(£*i£i + Y = 

12i=i(Vi-Ei + FiilJi)) ^ J 1 ■ Then the following equations hold: 
(Ola) 

(i) EiX E i = 0, (ii) x F i+1 = 2- 1 F i+2 , 

(hi) ^x^)^ 1 !-^), (iv) ^x^)^,^], 

(v) F/(x) x Fl{y) = -e(i)(x\y)Ei, 

(vi) F/ +1 (x) x J* a (y) = i? (-c(<)2- 1 ^ , 

(Ojb) (x|y) = 5^? =1 (e i 7 7i + £(1)2(^1^)), 

(OJc) det(X) = + 2Re(a; 1 x 2 X3) - ^ 

(Old) 

x x2 = y^J =1 ((£ i+1 £ i+2 - e^*)^!^))^ + i^ 1 (-£(i)z i+ iZi +2 - &Xi)). 

For all X G J7" 1 , the minimal subspace Vx of X is defined by 
V x := {aX x2 + bX + cE | a, 6, c G R}. 

Lemma 1.7. For a// X G J 1 , the minimal space Vx is closed under 
the cross product. 

Proof. It follows from ( 11.31 b). □ 

The linear Lie group F 4 (_ 20 ) is defined by 

F 4 (-20) := {9 e GL M ( l 7 1 )| g(X oY) — gX o F}. 

Because of J 1 = (J rC ) T(J , we can write F 4( _ 20 ) = (Fj)™. In [16, The- 
orem 2.2.2], I. Yokota shows that F 4 (_ 2 o) is an exceptional linear Lie 
group of type F 4 (_ 20 ) . From Proposition 11.41 we have the following 
proposition. 

Proposition 1.8. Let X,Y,Z G J 1 . 
(1) For all g G F 4( _ 20 ) ; 

(Ola) tr(oX) = tr(X). 
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(2) The following equations hold. 
Pb) F 4{ _ 20) = {ge GL^J 1 ^ det(gX) = X, gE = E} 
= { g eGL R (J 1 ) | <S> gX (\) = <5> x (\)} 
= {ge GLr^ 1 )! det(gX) = X, (gX\gY) = (X\Y)} 

( 9 X\gY\gZ) = (X\Y\Z), 



g G GL M (J I 



(gX\gY) = (X\Y) 



{g G GMJ 1 )! g(X xY)=gXx gY}. 



By Proposition ll.8[ the identity element E, the trace, the inner 
product, the determinant, the trilinear form, the cross product, the 
characteristic polynomial and the set of all characteristic roots with 
multiplicities are invariant under the action of F 4 (_ 2 o) and we use this 
fact without notice. 

Let X G J 1 and A G R. The elements p(X), E X ,\ ,W X ,\ G V x 
(see Lemma fl. 7ft are defined as 

p(X) := X - 3-hr(X)E, 
E XM := tr((X E - Xy 2 y\\ E - X) x2 , 
W XM :=X- {X E XM + 2" 1 (tr(X) - X )(E - E XM )) 
respectively. Immediately, we have the following lemma. 

Lemma 1.9. Let X G J 1 . If tr((\ E - X) x2 ) ^ then E XM and 
W6f,A are well-defined and the following equation holds. 

(HI X = X E XM + 2- 1 (tr(X) - X )(E - E XM ) + W. 



x,\ - 



Lemma 1.10. Let X G J 1 . For all g G F 4 (_ 2 o) ? 

™ / (i) 9{Vx) = V gX , (ii) gp(X)=p(gX), 

\ (iii) gE XM =E gXM , (iv) gW XM = W gXM . 

Proof. It follows from Proposition II .81 □ 

2. The principle of triality. 

In this section, we explain the groups Spin(8) and Spin(7) by means 
of the triality. In the next section, we explain that these groups are 
isomorphic to some stabilizers in F 4 (_ 2 o), respectively. 

We write S° for the subset {diag(l, 1, • ■ ■ , 1), diag(-l, 1, • ■ ■ , 1)} = 
Z 2 of M(n,M) and SO(0) for the group {1}, respectively. 

Lemma 2.1. (cf. [T7j [T5] ) . Let n be a natural number, andp,q non- 
negative integers with p + q > 0. 

(1) (cf. [JU Theorem 20(2)]). O(n) = S° x SO(n). Especially, 
0°(n) = SO(n). 

(2) (cf. [TH Theorem 6.12(2)]). 0°(p, q) ~ (SO(p) x SO(q)) x W q . 



THE ORBIT DECOMPOSITION AND ORBIT TYPE 11 

(3) For all n > 3, the fundamental group 7Ti(0°(n, 1)) = Z 2 

Proof. (3) We note 7Ti(SO(n)) = Z 2 (n > 3) (cf. [T?J Theorem 59(2)]). 
By (2), 7n(OV, 1)) = 7Ti(SO(n)) x tti(SO(0)) x 7n(R OT ) = Z 2 . □ 

From now on, the groups 0(8), SO (8), 0(7) and SO (7) are identified 
with the groups: 0(8) = {g G GL R (0)| (gx\gy) = (x\y)}, S0(8) = 
{g G GL K (0)| (gx\gy) = (x\y), det(g) = 1}, 0(7) = {g G 0(8)| 0l = 
1}, S0(7) = {g G S0(8)| pi = 1}, respectively. The element e G 0(8) 
is defined by 

ex := x for a; G O. 
Then e 2 = 1 and its determinant is — 1 : det(e) = — 1. The involutive 
automorphism t of the group SO(8) 3 is defined by 

K9U92, 93) ■■= [91,92, me) fo r (9i, 92, 9s) G SO(8) 3 . 
The subgroup T(O) of SO(8) 3 is defined by 
T(O) := {(01,02,03) G SO(8) 3 | (ftx)^) = g 3 (xy) for all ^eO} 
(cf. gl (2.4.6)], PU, [13], P2]) and the subgroup D 4 of SO(8) 3 by 
D A := r x (T(0)) = {(<?!, <? 2 , £3) e SO(8) 3 I t( 9l ,g 2 ,g 3 ) G T(O)} 
= {(01,02,0s) e SO(8) 3 | (gix)(g 2 y) = eg 3 e(xy) for all x,y E O}. 

The equation (gix)(g 2 y) = g 3 {xy) or {g\x)(g 2 y) = eg 3 e(xy) is called the 
triality. The following result is proved in [11] (cf. [191 Lemma 1.14.3]). 

Lemma 2.2. Let i G {1,2,3} and indexes i,i + l,i + 2 6e counted 
modulo 3. Assume that {91,92,9%) G 0(8) 3 satisfies (g{x)(gi + iy) = 
eg i+2 e(xy) for all x,y G O. TTien (g i+1 x)(g i+2 y) = eg^xy) for all 
ijGO. Especially, 

(O (fi-i, 02, 0s) G -D4 (02, 01) G D 4 (03, 01, 02) G D 4 . 
For z G {1, 2, 3}, the homomorphism p^ : D4 — > S0(8) is defined by 
Pi(gi,92, 03) := 9i for (01, g 2 , g 3 ) G D 4 . 

Lemma 2.3. Let x,y G O. 

(1) Let G S0(7). Tnen 

d23Ja) (i) gx = gx, (ii) e0e = g, (iii) 0(lm(x)) = lm(gx). 
Especially, 0(ImO) C ImO. 

(2) Let (01,02,03) G -D 4 , i G {1,2,3} and indexes i,i + l,i + 2 6e 
counted modulo 3. Tnen 

(Ob) 0il = 1 <^ 0i+i = e0 i+2 e <^> i+2 = e0 i+ ie. 

(3) Assume that (01,02,03) G D4 and g 3 l = 1. Tnen 

@c) _ _ _ _ 

f (i) 9s(xy) = (gix)(giy), (ii) </ 3 (Im(zy)) = Im((0 1 x)(0T0)), 
\ (hi) 01(^0) = (93x)(giy). 
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Proof. (1) Because of gl = 1, x = 2(l|x) — x and Im(x) = x — (l|x), 
we see gx = 2(l\gx) — gx = gx. and g(lm(x)) = g(x — (l|x)) = gx — 
(l\gx) = lm(gx). Thus (i) and (iii) follow. From (i), egex = g(x) = gx. 

(2) Obviously g i+1 = eg i+2 e iff g i+2 = eg i+1 e. We show gjl = 1 iff 
g i+1 = eg i+2 e. By (T2~2]), (91,92,93) e D 4 iff (g h g i+1 , g i+2 ) G D 4 so that 

(i) (gix)(g i+1 y) = eg i+2 e(xy) for all x, y G O. 

Suppose #jl = f. Substituting x = 1 in (i), we obtain g i+ i = eg i+2 e. 
Conversely, suppose g,i + \ = eg i+2 e. Substituting x — y — 1 in (i), 
(gil)(eg i+2 el) = eg i+2 el. Multiplying (eg^eiy 1 from right, gd = 1. 

(3) By (12. 31 b). # 2 = an d #1 = eg 2 e. First, because of g 3 = 
e# 3 e (by ([2~3ja)(ii)) and (g u g 2 , g 3 ) = (gi, e^e, #3) G L> 4 , we see that 
Js(2j/) = mt{xy) = (9ix)(egiey) = {gix)(gtfj). Second, by (J2~3Ja)(iii) 
and dOc)(i), we see that ^(Im(acy)) = Im^xy)) = Im^g^igjy)). 
Last, because of g\ = eg 2 e and (g 3 ,gi,g2) G -D4 (by ( 12. 2p ). we obtain 

= eg 2 e(xy) = (g 3 x)(giy). □ 

The subgroup .63 of -D4 is defined by 
B 3 ■■= {(91,92,93) G Ail 6-3! = 1} 

= {(gi,g2,gs) G Z> 4 | g 2 = egte} = {(gi,g 2 ,g 3 ) e D 4 \ g 1 = eg 2 e} 

and the homomorphism q : B 3 — > SO (7) by q := p 3 \B 3 : q(gi,g 2 ,g 3 ) = 
g 3 . The linear Lie group G 2 is defined by 

G 2 := Aut(O) = {ge GLr(O) | (gx)(gy) = g(xy)}. 

Then G 2 is a subgroup of SO(7) (cf. [HI Lemma 1.2.1, Theorem 1.9.3]). 
In particular, (gx\gy) = (x\y) and gl = 1 for all g G G 2 . Also, for any 
g G G 2 , considering (g,g,g) G SO(8) 3 , G 2 is a subgroup of B 3 . Now 
S 7 = {a G 0| n(a) = 1} and S 6 = {a G ImO| n(a) = 1}. For all 
a G S 7 , the elements L a ,R a ,T a G GL K (0) are defined by 



respectively. By (ll.ll b). L a ,R a ,T a G 0(8). Because S 7 is connected 
and for the unite 1 G O, L x — R\ — T\ — 1q where 1 Q denotes 
the identity element of 0(8), we obtain L a ,R a ,T a G 0°(8) = S0(8) 
(see Lemma l2~lT l)). For any a« G S 7 , denote the elements L ant ... <ai , 



L a x := ax, R a x := xa, T a x := axa for x G O 



R 



T, 



G S0(8) as 




Lemma 2.4. (1) (cf. pH Theorem 1.9.1, Theorem 1.9.2]). 
(E!a) S 6 = Or6 G2 ( ei ), 
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(2) If<n G S 7 , then {L an> ... !ai ,R an> ... >ai ,eT an> ... >ai e) G D 4 . 

(3) Ifa.be S 6 , then (L b}a , R b , a , T b>a ) G B 3 . 

(4) Let je {1,2}. 

(E3Jb) G 2 = {(01,02,03) G B 3 \ 9j l = 1}. 

Proof. (2) Let a G S 7 . By (Oik). 

(L a x)(R a y) = T a (xy) = e(eT a e)e(xy). 

Because of L a , R a , eT a e G SO(8), we see (L a , R a ,eT a e) G -D4. Next, 
from the induction, it follows that 

{L an> -,a 1 x){R an> ...,a 1 y) = e(eT ant ... )ai e)e{xy). 

Hence (2) follows. 

(3) From (2), (L b , a , Rb, a , eT^ a e) G -D4. Because of a 2 = b 2 = —1, we 
see eT b%a el = 6(a(T)a)6 = 1. Then eT^ a e G SO (7) and by (12.31 a) (ii). 
eT fe a e = T b a . Hence (3) follows. 

(4) Suppose that (gi, 02,03) G S 3 . Because of 02 = egie, we see that 
gxl = 1 iff g 2 l = 1. Thus it is enough to show G2 = {(gi, g 2 , 03) G 
J3 3 | g-il = 1}. Put G = {(01,02,03) e S 3 1 0i 1 = 1}. Immediately, 
G 2 C G. Conversely, take (7 = (01,02,03) G G. Because of g G G, we 
see 0i 1 = 2 1 = 03I = 1. Because of 0^1 = 0i+il = 1 and (12.31 b). we 
see i+ i = eg i+2 £ and i+2 = e&e. Then i+ i = e0i+2e = e(efi'ie)e = 0i- 
Moving i G {1,2,3}, gi = g 2 = g 3 - Thus (01,02,03) G G 2 and so 
G C G 2 . Hence G = G 2 . □ 

Lemma 2.5. (1) S 3 /G 2 ~ S* 7 . Furthermore, S 3 is connected. 
(2) D4/B3 ~ S* 7 . Furthermore, D4 is connected. 

Proof. (1) We consider the action of S3 on S 7 as x ^ Pi (01, 02, 03)^ = 
0ix for x G S* 7 and (01,02,03) G S 3 . Fix x G S 7 . Then x can be 
expressed by 

x = cos 9 + a sin # for some a E S 6 and # G M. 

First, by (12.41 a). there exists 01 G G 2 such that g^a = e\. Obviously 
0i 1 = 1 and we set h\ = (01,01,01) G G 2 C Spin(7). Then 

Pi(hi)x = cos 9 + e\ sin 9. 

Second, put h ei>e2 = (L eii£2 , R eue2 ,T eite2 ). Because of G S 6 and 
Lemma |2~4T 3). we see h eijea G S 3 and 

Pi (hei,e 2 )Pi (hi)x = ei(e 2 (cos 9 + e\ sin 9)) = e 3 cos 9 + e 2 sin 9. 

Third, because of e 3 cos# + e 2 sm9 G S 6 , there exists 2 G G 2 such 
that 2 (e 3 cos# + e 2 sm.9) = e%. Then letting h 2 = (g 2 ,g 2 ,g 2 ) G G 2 C 
Spin(7), 

Pl(^2)Pl(^ei,e 2 )Pl(^l)^ = ei. 
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Last, letting h e3je2 = (L e3je2 , R e3t£2 , T e3j62 ) £ B 3 , 

Pi( h e 3 ,e2)Pi(h2)Pi(h ei ,e 2 )Pi(hi)x = e 3 (e 2 ei) = 1. 

Hence B 3 acts transitively on S 7 . By (1211b). {B 3 ) 1 = G 2 . Thus 
B 3 /G2 — S 7 follows. Since G 2 and S 7 are connected, .63 is also con- 
nected. 

(2) We consider the action of D4 on S 7 as x p 3 (gi, g 2 , g%)x = g^x 
for 2 £ S* 7 and (#1, <&> #3) £ -D4. Let s £ S* 7 . Because of (x|x) = 1, 
x £ 5 7 . By Lemma 12.4( 2). (L^, R^, eT^-e) £ -D4. Then it follows from 
( I2~2j) that (ife, eT^e, L*) £ L> 4 and 

p 3 (#ar, eT T e, Lx)x = xx = l. 

Thus -D 4 acts transitively on S 7 . Because of (D)i = B 3 , we see 
D±/ B 3 ~ S 17 . Since B 3 and S" 7 are connected, _D 4 is also connected. □ 

The following result is shown in [I] (cf. [HI Theorems 1.16.2, 1.15.2]). 
Proposition 2.6. (1) The following sequence is exact: 
(EEJa) 1 {(1,1,1), (ei(l), e,(2), e,(3))} L> 4 ^ SO(8) ->• 1. 

(2) TTie following sequence is exact: 
Sb) 1 {(1, 1, 1), (-1, -1, 1)} B 3 4 SO(7) -> 1. 

By Lemma 1231 2) and ( 12.61 a). -D 4 is connected and a two-hold cover- 
ing group of SO(8), and by Lemma 12751 1) and (12.61 b). B 3 is connected 
and a two- hold covering group of SO (7). So denote 

Spin(8) := D A , Spin(7) := B 3 . 

3. The construction of concrete elements of F 4 (_ 20 ). 

In order to give the orbit decomposition of J 1 under the action of 
F 4 (_ 2 o)j we must know concrete elements of F 4( _ 20 ) and these operation 
on J 1 . In this section, we present concrete elements <po(gi, 92, 93) an d 
exp(tAj(a)). 

Lemma 3.1. The following equations hold. 

(EUa) (F 4 (-20))f 3 1 (1) = (F 4 (-20)) J B3,F 3 1 (l)- 

flHZQb) (F 4 (-20)) £1,^(1) = (F 4 (- 2 o)) j e;i, j e;2,£:3,f 3 1 (i) = ( F 4(-20) ) e 2 ,f^(\) • 

Proof. For all g £ {F^ 20 ))fH^ gE 3 = g(F£(l)* 2 ) = (^(l))- 2 = 
F 3 1 (l) x2 = E 3 . Thus g £ (F 4( _ 20 )) F i ( i )ii;3 and so (F4(_2o))f 3 1 (i) C 
(F 4 (-20))f 3 1 (i), j b 3 - From (F4(-20))f 3 1 (i), j b 3 c ( F 4(-2o) )f 3 1 (i) , (EUa) follows. 
Next, obviously, (F 4( _ 2 o))s 1 ,£; 2 ,B3,i?3 1 (i) c ( F 4(-20))i? 1 ,F 3 1 (i)- Conversely, 
fix g £ (F 4 (- 20 ))£ 1 ,f 3 1 (i)- % Ma), g £ (F4(-2q))ei,e 3 ,f£(i) and then 
gE 2 = g(E - (E 1 + E 3 )) = E 2 . Thus g £ (F^-ao))^,^,^,,,^!) and so 
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(F4(-20)) J B 1 ,F 3 1 (1) C (F 4 (-20))e 1 ,E 2 ,E 3 ,F^1)- Hence (F 4 (_20))b 1 ,S 2) £3,^(1) = 

(F 4 (-20))e 1 ,f 3 1 (i)- Similarly, (F 4 (-2o))s 1 ,b 2 ,B3,f 3 1 (i) = ( F 4(- 2 o))i? 2 ,Fi(i)- n 

Lemma 3.2. (1) TTie group Spin(8) is isomorphic to the stabilizer 
(F4(_2o))si,b 2 ,-B 3 o/F 4 (_2o), i/ioi is, the isomorphism <p : Spin(8) — > 
(F4(-20))-Bi,B2,-B 3 ^ given fey 

(O ^(si,32,53)£tip i + -P; 1 W)) = ^i 1 (6^ + F/(^)). 

(2) The restriction of (fo on the subgroup Spin(7) is an isomorphism 
from Spin(7) onto (F^ 2 o))e 1 ,e 2 ,e 3 ,f^(i)- 

Proof. (1) We can prove it similar to [T9| Theorem 2.7.1]. 

(2) By (1), ipo is a mono-morphism. Thus it is enough to show that 
V? is onto. Fix g G B 3 . By (1), g = (f {gi, #2, #3) for some (g 1 , g 2 , g 3 ) € 
Spin(8). Then F^l) = p (<7i, 92,^(1) = Ffo 3 l). Thus flr 3 l = 1 and 
so {gi,g 2 ,93,) e Spin(7). Hence v?o : Spin(7) ->■ (F^-ao))^,^,^,^ 1 ^) is 
onto. □ 

Denote the subgroups D 4 := <^ (Spin(8)) = (F4(_ 2 o))bi,-E 2 ,s 3 an d 
B 3 := y? (Spin(7)) = (F 4 (-20))e 1! e 2 ,e 3< f^i), respectively. 

Lemma 3.3. Let g = (#1, #2, #3) G Spin(7) andp,x G O. 

(i) <p (g)(-E 1 + E 2 ) = -E 1 +E 2 , 

(ii) <p {g)p- = p-, (hi) <p (g)F 3 1 (p)=Fi(g 3 p), 
O <J ( iv ) ¥o{g) E 3 = E 3 , (v) <^ (#)£ = 

(vi) ^o(^)Q + (a?) = 

(vii) ip (g)Q~(x) = Q~{g 1 x). 

Proof. From <p (flO G B 3 = (F^ao))^,^,^,^!), the first five equa- 
tions follow. Because of g 2 = egit, we see (fo(g)F 2 (x) = F 2 (egiex) = 
F 2 (gix). Thus (vi) and (vii) follow. □ 

Proposition 3.4. Let Y = diag(ri, r 2 , r 3 ) G J7" 1 where ri,r 2 ,r 3 are 
different from each other. Then (F 4 (_ 2 o))y = D 4 . 

Proof. Obviously D 4 = (F 4 (_2o))b 1i b 2 ,b 3 C (F 4 (_ 20 ))y- Conversely, fix 
g G (F 4 (_2o))y- Let i G {1, 2, 3} and indexes i, i + 1, i + 2 are counted 
modulo 3. Because of (tiE — Y) x2 = (r i+1 — rj)(r i+2 — r^Ei and 
tr((rjE - Y) x2 ) = (r i+x - n )(n+ 2 - 7^ 0, we see that £y iT .. is well- 
defined and E Y , n = E { . By (|LJUj)(iii), gE { = gE Y>n = E gY , n = E Y , ri = 
E{. Thus g G D 4 and so (F 4 (_ 2 o))y C D 4 . Hence (F 4 (_ 2 o))v = D 4 . □ 

Denote the Lie algebra f 4 (_2o) := £ie(F 4 (_ 2 o)) [resp. f 4 := Lze(F 4 )). 
By Proposition 11.81 (resp. Proposition 11.41) . 

f4(-20) = {5 G End M ( l 7 1 )| 5(XxY) = 5XxY + Xx 5Y} 

(resp. f 4 = {5 G End c (J rC )| 5(X x Y) = 5X xY + Xx 8Y}). 
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Given S G f 4 (- 2 o) (resp. jf), 

tr(5X) = 0, 5E = 0, + (X\5Y) = 0, (5X|X|X) = 

for all X,Y G J 1 {resp. J c ). The Lie subalgebra 4 (resp. O4) of 
f4(-2o) (resp. ) is defined by 

O4 : = {-D G f 4(— 20) I DEi = 0, z = l,2,3} 

{resp. 0^ := {D G fj| DE< = 0, z = 1, 2, 3}) 

and the Lie algebra 2)4 by 

2) 4 := {-D G End R (0)| (£te|y) + (x\Dy) = 0}. 

The following lemma is proved in [l](cf. [HJ Lemmas 1.3.6, 1.3.7, 
Proposition 2.3.7]). 

Lemma 3.5. Let x, y G O. 

(1) For all D\ G 2)4 7 there exist D 2 , D 3 G 2)4 snc/j £/ia£ 

{D x x)y + x{D 2 y) = eD 3 e{xy). 

Also such D2 and D 3 are uniquely determined for D\. 

(2) For D 1} D 2 , D 3 G D 4 , the relation 

{D x x)y + x{D 2 y) = eD 3 e{xy) 

implies that 

{D 2 x)y + x{D 3 y) = eD x e{xy), {D 3 x)y + x(D 1 y) = eD 2 e{xy). 

(3) The Lie algebra O4 is isomorphic to the Lie algebra 2)4 under the 
correspondence D\ h-> dipo(Di, D 2 , D 3 ) given by 

3 3 
d35) dipo(D 1 , D 2 , D 3 )(52&Ei + Ffoi))) = Fl{D lXi ). 

i=l i=l 

where D 2 and D 3 are elements of D4 which are determined by D\ from 
the infinitesimal triality: 

{D x x)y + x{D 2 y) = eD 3 e{xy). 

Let i G {1, 2, 3} and indexes i, i + 1, i + 2 be counted modulo 3. For 
a G O c , the skew-hermitian matrix Aj(a) G M(3, O c ) is denoted by 

Ai (a) := aEi + i t i +2 — ai?j + 2,j+i, 

the linear subspace uf of M(3, O c ) by uf := {A(a)| a G O c } and the 
linear subspace £H C of M(3, O c ) by 

<K C : = © U2 © U3 = {A G M(3, O c ) I A* = -A, diag(A) = 0} 

where diag(A) = means that all diagonal elements an of A are 0. For 
A G 9\ c , the element A G End c ( l 7 c ) is defined by 

AX := AX - XA for X e J € 
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the linear subspaces uf of End c ( l 7 c ) by uf := {Aj(a)| a G O c } and 
the linear subspace £R C of Endc(j7" c ) by 

<R C := {A\ A G 9\ } uj u:,' u ;i '. 

By direct calculations, we have the following lemma. 

Lemma 3.6. Let a G O c , i G {1, 2, 3} and indexes i, % + 1, i + 2 be 
counted modulo 3. Then the operation of Ai(a) on J c is given by 

(i) A i {a)E i = 0, 

(ii) Ai(a)E i+1 = Fi(-a), (hi) A(a)E i+2 = F(a), 

(iv) Ma)Fi(x) = 2(a\x)(E l+1 - E l+2 ), 

(v) Ai(a)F i+1 (x) = F i+2 (ax), 

(vi) Ai(a)F i+2 (x) = F i+1 (-xa). 

The following lemma is proved in [l](cf. [191 Proposition 2.3.6, The- 
orem 2.3.8]). 

Lemma 3.7. (1) is a C-linear subspace of f%. 
(2) Any element 5 G is uniquely expressed by 

5 = D + A for some D 6 and A G S>V . 

Especially, 

dSZD fC = c = a c ~c 

We denote the differential of the involutive automorphism to of as 
same notation to. Looking again fi as an M-Lie algebra, the involutive 
M-automorphism to of induces the M-Lie subalgebra (f^f? of fj. 
Then we can write f4(_2o) — (j?)™ — G | toSot = 5}. 



Lemma 3.8. The following equations hold. 



(J3SD { ( U ) W)- = {^i( a )l a G °) 
ij )fs = {A/ 



hi) (uf)fj = {Aj(y/-La)\ a G O} wift j = 2, 3. 



Proof. Easily, (i) follows. Suppose that Ai(z) G (uf)f? with z G O c . 
From (13.61) . we see ToAi(z)orE i+1 = e(i)Fi(—rz) and Ai(z)E i+ i = 
e(i)Fi(—z), so that e(i)rz = z. Thus, if i — 1 then 2 G O, else 
z = y/—la for some a G O. Therefore, we have the necessary conditions 
of (ii) and (hi). Conversely, put S = {E i: Fl(x)\ x G O, %= 1,2,3}. 
S spans the linear space of J c over C. Let X G S and a G O. 
Because of (13. 6p and rcxX = X, we see that toA\{o)otX = A\(a)X 
and ToAj(\/—la)oTX = Aj(y/—la)X (j = 2,3). Hence the sufficient 
condition follows. □ 
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For a G O, skew-hermit ian matrix A} (a) G M(3, O c ) is defined by 

A\(a) := Ai(a), A,-(a) := Aj{y/—ia) with j G {2, 3}. 

The element Af (a) G f4(-20) is defined by 

A\(a)X := A|(a)X - XAj(a) for X <E J 1 

and the linear subspace u] of f4(-ao) by uj := {Aj(a)| a G O}. Then 
we have the following lemma. 

Lemma 3.9. (1) The following equation holds. 



iLHJa) 



f*(-20) = 5 4 © U 



r.l 



U 2 



u 3 - 



(2) Let a G O, z G {1,2,3} and indexes i, % + 1, i + 2 6e counted 
modulo 3. TTien t/ie operation of A] {a) on J 1 is given by 



CTb) 



(i) 4H«)^ = o, 

(ii) A|(a)£; i+1 = i?(-a), (iii) ^(a)^ 

(iv) Aj(o)i^(») = e(*)2(a|x)(£ m - £ i+2 ), 

(v) AH^+iW 

(vi) A|(a)F/ +2 (x) 



— e(i + 2)ax), 
e(i + l)xa). 



Lemma 3.10. Let t G M, a G S" 7 , £,r? G IR 3 and x,y G O 3 . Let 

i G {1, 2, 3} and indexes i, i + 1, i + 2 6e counted modulo 3. 
(1) Wnen z = 1, Zei /i 1 ^; y) G J 1 be 



(EDJa) 



' »71 


= 6, 










= 2" 1 ((6 + 6) + (6 


-6) 


cos 2i) + 


'o il) sin2t, 


< ^ 3 


= 2- 1 ((6 + 6)-(6 


-6) 


cos2t) — 


(a xi) sin2t, 
a sin 2 1, 


2/i 


= x 1 -2- 1 (^-e 3 )asin2t 


-2(a|a; 1 ) 


2/2 


= x 2 cos t — x 3 a sin t, 








k 2/3 


= X3 cos t + ax2 sin t 









and when i G {2, 3}, /et y) G JT 1 6e 

dsnnib) 

^ = &, 

?7i + i = 2~ 1 ((£ i+ i + £ i+2 ) + (&+i - £ i+2 ) cosh2t) - (al^i) sinh2t, 

7] i+2 = 2~ 1 ((^ + i + £ i+2 ) - (Ci+i - £+2) cosh 2t) + (a\xi) sinh 2t, 

Ui = x,i — 2~ 1 (£ i+1 — £i +2 )a sinh 2t + 2(a\xi)a sinh 2 t. 

y i+ i = x i+ i cosh t + x i+2 a sinh t, 

y i+ 2 = x i+2 cosh t + WTi sinh t. 

Then ^(rj^y) = exp(tA^(a))/t 1 (^; x) and exp(tA}(a)) G (F 4 (_ 2 o))b-- 
(2) Ifae S 6 , then exp(tAj(a)) G (F 4 (_ 2 o))^i (1) for all i G {1,2,3}. 
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Proof. (1) Fix % G {1,2,3}. Let F : M x J 1 ->• J 1 be the mapping 
denned by F(t, h 1 ^; x)) = h}{r];y). From direct calculations, we have 

^F(t, ^(6 x)) = iJ(a)F(t, ^(6 x)) and F(0, ^(6 x)) = h\t; x) 

and it follows from the uniqueness of solutions that F(t, h l (^; x)) = 
exp(tA] (a^h 1 x). Because of r]i = 6, we see exp(tA^(a))Ei = E{ and 
therefore exp(tA}(a)) G (F 4 (_ 20 ))^.. Hence (1) follow. 

(2) Because of (1) and (a|l) = 0, we see exp(tij(a))if (1) = if (1). 
Hence (3) follows. □ 

We give elementarily two lemmas which implies the difference of 
orbits of the elements in J 1 under the action of F 4 (_ 2 o)- 
Fix Y G J 1 . The inner product By on J 1 is defined by 

B Y (X 1 ,X 2 ) = (Y\X 1 \X 2 ) ioxX^J 1 . 

Lemma 3.11. Let Yi,Y 2 G J7" 1 . Assume that B Yl and By 2 have differ- 
ent signatures from each other. Then Orb? (Yi) ^ Orb Fi , 20) (Y 2 ) . 
Furthermore, 

dSUJa) Orb? A{ _ 20) {E x ) ^ Orb F< _ 20) {E 2 ) = Orb F ^_ 20) (E 3 ), 

(JSTUb) Orb F< _ 20) (E 1 - E 2 ) ± Orb Fi( _ w) {-Ex + E 2 ). 

Proof. Suppose that there exists g G F 4 (_ 20 ) such that gY\ = Y 2 . Then 

B Yl {X 1} X 2 ) = (Y 1 \X 1 \X 2 ) = (gY^gX^gXj = By 2 (gX x ,gX 2 ) 

for all Xi,X 2 G J 1 . Using Sylvester's theorem, inner products B Yl and 
By 2 have the same signature. It contradicts with the assumption. Thus 
Or& F4( „ 20) (n) ^ Orb FA{ _ 2Q) {Y 2 ). Let Y G {E u E 2 , E 1 -E 2 , -Ei + E 2 }. 

For any X = ^2 i=1 (£iEi + if (a;*)) G J7" 1 , we have the following table: 



Y 


By(X,X) 




The signature of By 




66 - (Xi\Xi) 




(9,1) 




66 + (x 3 \x 3 ) 




(1,9) 


Ei — E 2 


66 - 66 - (xi\xi) - 


- (x 2 \x 2 ) 


(18,2) 


—Ei + E 2 


-66 + 66 + (xi\xi) 


+ (x 2 \x 2 ) 


(2,18) 



Then we see Orb F<20) (E x ) ^ Orb Fi{ _ 20) (E 3 ) and Or6 F4( _ 20) (£ x - E 2 ) ^ 
Orb F4{ _ 20) (-E x + E 2 ). Now from (IgTTOl a). exp^vri^l))^ = £ 2 and 
Or6F 4( _ 20) (-^2) = Or6F 4( _ 20) (-E3). Hence the result follows. □ 



Denote the linear subspace (J l )o of J 1 as 

( l 7 1 ) :={XG l 7 1 |tr(X) = 0}, 
and the subsets IV 1 of J7" 1 as 

n + := {x g (JW x x2 = p+}, := {X G (j-^ol x x2 = P~} 

respectively. 
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Lemma 3.12. (1) For all X G 1Z ± , tr(X) = tr(X x2 ) = det(X) = 0. 
Furthermore, (X x2 ) x X = 0. 

(2) The following equations hold: 
flHUa) 7Z + = 0, 

(ETTSl b) ft - = {rP- + Q + (x)\ r G R, a; G S 7 }. 

Furthermore, 

(Me) Or6 F4( _ 20) (P + ) ^ Or6 F4( „ 20) (p-). 

Proo/. (1) Because of X G TZ ± , we see tr(X) = = tr(P ± ) = tr(X x2 ), 
and from (Olb)fiv). we see det(X)X = (X x2 ) x2 = (P ± ) x2 = 0. Thus 
tr(X) = tr(X x2 ) = det(X) = and by (Olb)(v). (X x2 ) x X = 0. 

(2) Suppose that there exists X = YS=i(€i E i + F i( x i)) 6 Using 
(11.61 a). from (1), we see 

= (X x2 ) x X = P+ x X = 2- 1 + £ 3 F 2 

+ (6 - 6 + 2(l|x 3 ))P 3 + ^(xi -x$ + F 2 \-x 2 — ~x~i) + i^-SO) . 

Then £ 3 = 0. However, by (ll.61 d). 

1 = (P+) El = (i x2 ) El = 6 • - {x 1 \x 1 ) = -( Xl \ Xl ) < 0. 

It is a contradiction and (13.121 a) follows. 

Next, put K = {rP- + Q + (x)\ r G R, x G S 7 }. Take X = 
£j=i(63i + Ffai)) G ft". From (1), 

= (X x2 ) x X = P- x X = 2- 1 (£ 3 Pi - 
+ (-6 + fi + 2(l|x 3 ))P 3 + Fl{ Xl - xi) + F 2 \x 2 — ~x~\) + F£(-£ 3 )) . 

Then £ 3 = and x 2 = xj. Because of £1 + ^2 = tr(X) = 0, we see 
6 = -Ci- Next, by (OJd), 

p- = X x2 = - (x 1 \x 1 )E 1 + (mlm)^ + (-^ 2 + (x 3 |x 3 ))P 3 

+ Ff(-W[x~ 3 - £i£i) + P 2 1 (x 3 xT + ^ixl) +P 3 1 (n(xi)). 

Then n(xi) = 1 and = Xi(x^ + £1). From Xi 7^ 0, we see x 3 = — £1 
and X = + Pi(si) + ^2(^1) where n(zi) = I. Thus X e TZ 

and so C TZ. Conversely, let X = rP~ + Q + (^) £ 7£ where r G R 
and x G S" 7 . From direct calculations, we see X G 7Z~ and so 7?. C 7£~. 
Hence 1Z~ = TZ. 

Last, we show ( 13.121 c). Suppose that there exists g G F 4( _ 20 ) such 
that gP + = P-. From (EH a) and (13321 b). we see = a(7e+) = 
72." 7^ 0. It is a contradiction as required. □ 
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4. The stabilizers of Spin group type. 

In this section, we will explain the construction of the spin groups 
Spin(9), Spin°(8, 1) and Spin°(7, 1) as the stabilizers, respectively. 
For X G J 1 , denote the element L X (X) G End R (J rl ) by 

L x (X)Y := X x Y for Y G J 1 

and for r G M, consider the r-eigenspace of L X (X) on J 1 : 

Jl HX) , r = {YEj 1 \L x (X)Y = rY}. 

The quadratic form Q on J 1 is defined by 

Q{X) := -tr(X x2 ) for X G J 1 . 

Lemma 4.1. Let i G {1,2,3} and indexes i, i + l,i + 2 be counted 
modulo 3. Let X G J 1 and r G K. TTien 

gHa) Q(gX) = Q(X) for all g G F 4 (- 20 ), 

Pb) gJ£*(X),r = ^LX{gX),r f 0r al1 9 G F 4( _ 2 0), 

(TCUd) Q(£(^+i - ^+2) + = + e(i)(^k). 

Especially, when i = 1, then the quadratic space (J72><(2E 1 ) -i> Q) ' ls 
isomorphic to (IR 0,9 , q 0j9 ) ; and when i G {2,3}, then {<J} J xi2E i ) -i> Q) ^ s 
isomorphic to (IR 8,1 , qs,i). 



Proof. Using Proposition 11.81 and Lemma 11.61 it follows from direct 
calculations. □ 

The quadratic space (J2*(2£i) _i>Q) nas a sphere S* 8 as 

S s := {XeJl H2Ei) ^\Q(X) = l} 

and the quadratic space (>Jl x (2e 3 ) -vQ) nas a positive sphere 5 8,1 , a 
negative sphere iS 8,1 (— 1) and a null cone A/" 8,1 as 

5 8 ' 1 :^{Ie^ Wrl |Q(I) = l}, 
S^-l) := {X G J^x^),-! I Q(X) = "I}, 

AT 8 ' 1 := {X G ^x^),-! I = 0, X ^ 0} 

respectively. Denote the subsets iS 8 ' 1 , 5 8 ' 1 C S 8 ' 1 by 

S 8 ' 1 := {X G S 8 ' 1 | (XlEx) > 0}, S 8 ' 1 := {X G S 8 ' 1 | (X\E X ) < 0} 
respectively, and the subsets A/" 8 ' 1 , A/" 8,1 C A/" 8 ' 1 by 
A/" 8 ' 1 := {X G A/" 8 ' 1 | > 0}, A/" 8 ' 1 := {X G A/" 8 ' 1 | {X\E X ) < 0} 

respectively. 
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Lemma 4.2. The following equations holds. 
flMJa) S 8 '^^} 1 !!^ 1 , 
(@2Jb) A/" 8,1 = A/" 8,1 JJ^A/" 8 ' 1 . 

Proof. Suppose that X G <?l x (2E 3 ) -i satisfies I/O and (Ei\X) = 0. 
From (Ol c). we see X = F£(x) for some (0 =fi)x G O and Q{X) < 0. 
Therefore, if X G S 8 ' 1 (resp. X G A/" 8,1 ), then (Ei\X) ^ 0. □ 

The quadratic subspace {J 7 i,Q) is defined by 

J 7 \ := {X G ^x^-il (F.^1)\X) = 0} 

= {£ - E 2 ) + if (x) I £ G R, x G ImO} 

and Q(£(Ex— E 2 )+F^(x)) = £ 2 — (x\x). So the quadratic space (dtfi, Q) 
is isomorphic to (R 7 ' 1 , q 7 i) and we denote a positive sphere 5 7,1 in the 
quadratic space {J^nQ) and its subset S+ l as 

S 7 ' 1 := {X G # (1 | Q(X) = 1}, 5^ := {X G S 7 ' 1 | {X\E X ) > 0} 
respectively. Denote the homomorphisms pi,q,p%,q as 



5 , I^L x (2_B i ),-l! 

9\Fi(9), 
s|if(ImO) 



Pi ■ (F 4 (-20))B j -> 0(J^x(2Bi),-l»Q)> P<(») 
? : ( F 4(-20))f1(1) -> Q), <?(» 

Pi : D 4 ^0(if(0),Q), Pi (^) 
g :B 3 ^0(if(ImO),Q), g(^) 
respectively. 

Lemma 4.3. TTie homomorphisms pi, q, p, q are well-defined. 

Proof. First, by ( 14. li b). (F 4 (_ 2 o))£; 1 ; invariants ^Ixmea -v Second, be- 
cause of (13.11 a). the definition of J 7X and (14. li b). (F 4 (_ 2 o))f. 1 (i) invari- 
ants J 7 ] v Third, because of if (0)'= {X G J l \ Ej x X = 0, i ^ j}, 
D 4 = (F 4 (_20))e 1 ,e 2 ,e 3 invariants if (O). Last, because of if (ImO) = 
{X G if (O) | (if (1)|X) = 0}, B 3 = (F 4 ^ 20) ) EuE2jE3>FHl) invariants 
if (ImO). Therefore, from (14.11 a). it follows that the restrictions of 
suitable subspaces of J x induce the homomorphisms into suitable or- 
thogonal groups. □ 

We use trivial lemma to determine the G-orbits of X. 

Lemma 4.4. Let X be a set and a group G act on X. Let I be an 

index set and i,j G I. Assume that there exists a sequence (Xi) ie j 
of subsets of X and a sequence (fj) tg/ of elements in X such that the 
following conditions (i)-(iv) hold: 

(i) X = UfejXi, (ii) Vi G Xi, (iii) Orb G (vi) ^ Orb G ( Vj ) <&i^j, 

(iv) XiCOrboivi). 
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Then Xj = Orba(vi) for all i G I . 

Proof. Take x G Orb G {vi). Because of x G Or6 G (t>j) C X = U i€ jXi, 
there exists j G / such that x G Xj. By (iv), a; G Xj C Orbc(vj) 
so that x G Orbcivi) fl Orb G {vj). By (iii), z = j and x G Xj. Then 
Orbaivi) C Xj. Thus, from (iv), we have Xj = Orba(vi). □ 

Lemma 4.5. Let j G {1,2,3}. For all X = Etite^i + ^Vi)) G 
t/zere exists (fo(gi, g%, gz) G D 4 s«c/z t/iat 

(32} 

<Po(gi, 92, 9s)X = (X^=i& Ei ) +i? i (V n ^)) l=i F j+k(9j+kX j+k ) 
where the index j + k is counted modulo 3. 

Proof. Given Xj = (X) F i G O, we can take gj G SO(8) such that 

gjXj = y/n(xj). By (12. 61 a). there exists (91,92,93) G -D 4 and from 
(13. 2p . we have the result. □ 



Lemma 4.6. The following equations hold. 



(TCola) 


S 8 -- 


= 0r& (F 4 (_ 2 o)) Bl (^2 - 


E 3 ). 


(]4.6[b) 


S 8,l 


(-1) = O& (F4( _ 20))Ba 


(^(1))- 


(|4.6[c) 


{; 


(i) =Or6 (F4( _ 
ii) =Or6 (F4( „ 


20))E 3 ( jBl ~ 


f|4.6|d) 


{; 


(i) Ml' 1 =Orb {F4{ 
ii) A/" 8,1 =Or6 (F4( 


-20))e s (P )' 
-20))e- a (P )' 


Furthermore, 


si 1 


is connected. 





Proof, (a) By Lemma EH (F 4 (_ 2 q))b 1 acts on S 8 . Fix X G S 8 . By 
(Olc) and dHUd), X can be expressed by X = £(£ 2 - £3) + ^iO) 
where ( 6 I, 1 6 O and £ 2 + n(x) = 1. By (14.51) . there exists g G D4 C 
(F4(_2o))bi suc h that gX = £(i?2 — -^3) + Fi (V n ( x )) ■ We can write 
gX = cos2t(E 2 - E 3 ) + F 1 1 (siii2t) 

for some t £ 1. For this t, using fl3.10l a). exp(tA\(l)) G (F 4 (_ 20 )) El 
and from direct calculations, we see that 

exp(tA\(l))gX = E 2 -E 3 . 

Hence (14 .61 a) follows. 

(b) By Lemma 1431 (F 4 (-20))e 3 acts on 5 8 - 1 (-l). Fix X G S^-l). 
By dlUc) and ({Ol d). X can be expressed by X = £(E X - £ 2 ) + F^x) 
where £ G R, x G O and £ 2 — n(x) = —1. By (14. 5p . there exists 
g G D 4 C (F 4 (_ 2 o))£ 3 such that 

gX = {{Et - E 2 ) + Fi{r ) where r > 0, £ 2 - r 2 = -1. 
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By <$Mb), e X p(^4- 1 log((r + 0/(r -0)^3(l)J e (Fh-20))e 3 and 
because of £ 2 — r 2 , = — 1, we calculate that 

exp (4- 1 log ((r + 0/(r - 0) ^a(l)) ^ = ^(±1)- 
When Fg-(— 1), multiplying (po(l, — 1, —1) G D 4 from the left side, 
V> (1, -1, -1) exp (4- 1 log ((r + £)/(r - 0) ^s(l)) ^ = ^(l)- 

Hence (14.61 b) follows. 

(c) We show (14.61 c) by using Lemma S3! Denote G = (F 4 (_ 20 ))£ 3 or 
(F 4 (-20))| 3 - By LemmaEOl G acts on S 8 ' 1 . We consider that X = S 8 ' 1 , 
(X 1; X 2 ) = (Sj 1 ,^ 1 ), (v u v 2 ) = {E l -E ) -E 1 + E 2 ) in Lemma S3! 
First, the condition (i) follows from ( 14. 21 a). Second, the condition (ii) 
follows from direct calculations. Third, by ( 13.111 b). the condition (iii) 
follows from 

Orb^.^E, - E 2 ) C Orb^^E, - E 2 ) 
^Orbp^Ej. - E 2 ) D OrV 4( _ 20) ) E3 (^i - E 2 ). 

Last, we show the condition (iv). Take X G <S 8,1 . By (14. 5p . there exists 
g G D 4 C G such that 

gX = {(Ex - E 2 ) + Fl{r ) where £ > 0, r > 0, £ 2 - r 2 = 1. 

By lETIOl b). exp Ur 1 log ((£ + r )/(£ - r )) G G and because 

of £ > and £ 2 — Tq = 1, we calculate that 

exp (4- 1 log ((£ + r )/(£ - r )) gX = E 1 - E 2 . 

Thus X G Orb G (E 1 - E 2 ) and so S 8 ' 1 C Orb G {E l - E 2 ). Next, take 
X G S 8 ' 1 . By (T43]), there exists g G D 4 C G such that 

3X = £(£1 - £ 2 ) + F^ro) where £ < 0, r > 0, £ 2 - r 2 = 1. 

By (HLUBb), exp (V 1 log ((£ + r )/(£ - r )) i^(l)) G G and because 
of £ < and £ 2 — Tq = 1 , we calculate that 

exp (4- 1 log ((£ + r )/(£ - r )) <?X = -E x + £ 2 . 

Thus X G Orb G {-E x +E 2 ) and so S!' 1 C Orb G (-E l + E 2 ). Therefore, 
the condition (iv) follows. Hence (14.61 c) follows from Lemma 14.41 Fur- 
thermore, since 5+ 1 is a orbit of one element E\ — E 2 under the action 
of a connected group (F 4( _ 20 ))£ 3 , «S+ is connected. 

(d) We show (I4.61 d) by using Lemma I4~41 Denote G = (F 4 (_ 20 ))_e 3 . 
Since G acts on A/" 8,1 , we consider X = A/" 8,1 , (X 1; X 2 ) = (A/" 8,1 , A/" 8,1 ), 
(vi,v 2 ) = (P + ,P _ ) in Lemma 14.41 First, the condition (i) follows 
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from ( 14. 21 b). Second, the condition (ii) follows from direct calculations. 
Third, by (13.121 c). the condition (iii) follows from 

OrV 4( - 20 ,) B 3( P+ ) cO ^ 4( _ 2()) (P + ) 
^Orb Fi( _ 20) (p-) D Orb 

( F 4(-20))-E 3 

Last, we will show the condition (iv). Take X G A/+ 1 . Because of (14. 5p . 
there exists g G D4 C G such that 

gX = £(Ei - E 2 ) + Fl(Z) where £ > 0. 

By d3HUlb), exp (V^logO^K 1 )) e G and because of f > 0, we 
calculate that 

exp(2- 1 (log0^3(l))^ = ^ + - 

Thus X G Orb G (P + ), so that A/" 8 ' 1 c Orb G (P + ). Next, take X G A/" 8 ' 1 . 
Because of ( 14. 5p . there exists g G D 4 C G such that 

gX = £(-£ x + £ 2 ) + ^(0 where £ > 0. 

By (HLHHb), exp ^(log^I^l)) G G and because of f > 0, we 
calculate that 

exp (2- 1 (\ogOAl(l))gX = p-. 

Thus X G Orbc(P~) and so A/" 8 ' 1 C Orb G (P~). Therefore, the condi- 
tion (iv) follows. Hence (I4.61 d) follows from Lemma 14.41 □ 

Lemma 4.7. (1) (F 4 (_ 2 o))si/D4 — S 8 . Furthermore, (F 4 (_ 2 o))e 1 is 
connected. 

(2) (F 4 (_2o))e 3 /D4 — 5 8 ' 1 . Furthermore, (F 4 (_ 20 ))_e 3 is connected. 

Proof. (1) We notice that (F^q))^,^-^ = (F<i(-20)) E,E lt E 2 -E 3 = 
e 1 ,e 2 ,e 3 = D 4 . From (|4~6ja), we see (F 4( _ 20 ))b 1 /D 4 ~ S 8 . By 
Lemma I3T2T 1). D 4 is connected. Obviously S 8 is connected. Hence 
(F 4 (_20))-Ei is also connected. 

(2) We note D 4 = {F 4{ _ 20) ) E3tEl _ E2 . From <$Mc), (F 4 (-2o)WD 4 ~ 
5 8 ' 1 . By Lemma fl~6l 5 8 ' 1 is connected. Because D 4 is connected, we 
see that (F 4 (_ 2 o))b 3 is also connected. □ 

For % G {1, 2, 3}, the element cr, G F 4 (_ 20 ) is defined by 

* (J2U& E i + ■ E?=i(^' + <iU)F;(.rj)). 

Indeed, because of det(<XjX) = det(X) and o~iE = E, applying (11.81 b). 
we see <7j G F 4 (_ 20 ) and clearly of = 1. We write the notation a instead 
of G\ for short. 

The following result is proved in [16] . 
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Proposition 4.8. (1) The following sequence is exact: 
(EB3a) 1 -+ {1, o-J D 4 4 S0(F/(O), Q) -»■ 1. 

(2) TTie following sequence is exact: 

(331b) 1 {1 )( t} -> (F 4( _ 20) ) El 4 SO(^x (2Bl)j _i,Q) -> i. 

(3) The following sequence is exact: 

-20)) £3 

Proof. (1) It follows from Lemma [3.21 (1) and (12. 61 a). 

(2) (cf. PS Theorem 2.7.4]). By Lemma K7\l). (F i{ _ 20) ) El is con- 
nected. Then we see that P 1 ((F 4 (_ 2 o))e 1 ) C SO(j72x( 2Sl ) -i> an< ^ the 
following commutative diagram: 

1 -> D 4 -> (F 4( _ 20) ) £l -»• S 8 ->• * 

1 SO(J?(0),Q) -> SO^^^.Q) S 8 -> *. 

It follows from (1) and the five lemma that p\ is onto and Ker(pi) = 
Ker(pi) = {l,o"}. Hence (2) follows. 

(3) By Lemma I4T7T 2). (F 4 (_ 20 ))£ 3 is connected. Then we see that 
P3((F 4(_2o)) e 3 ) C Q° (Jlx (2E 3 ) -v Q) an d the following commutative 
diagram: 

1 -> D 4 ->■ (F 4( _2o))e 3 ->■ ->■ * 

4 4 P3 II 

1 SO(Fi(0),g) o%ji H2E3) _ v q) 5f -». *. 

Similarly, using (1) and the five lemma, (3) follows. □ 

By Lemma I4T7T 1) and ( 14.81 b). we have (F 4 (_ 20 )) £ ; 1 is connected and 
a two-hold covering group of SO(j72x( 2 £; 1 ) -i> an< ^ by Lemma l4~7T 2) 
and ( 14.81 c). (F 4 (_2o))_b 3 is connected and a two-hold covering group of 
x (2£ 3 ),-i' Q)- ^° denote 

Spin(9) := (F 4 (_ao))^i, Spin°(8, 1) := (F 4( _ 20 ))£;3. 

Proposition 4.9. (1) Let Y = (n — r 2 )E\ + r 2 i? e J7" 1 where r% ^ r 2 . 
T/ien (F 4( _20))y = Spin(9). 

(2) letY' = ( y r 1 -r 2 )E 3 +r 2 E G J 1 w/teren ^ r 2 . 2%en (F 4( _ 20) ) y , = 
Spin°(8, 1). 

Proof. Since the element E is invariant under the F 4 (_ 2 o)-action, we 
have (F 4( _ 20 ))y = (F 4( _ 20 ))i? 1 and (F 4( _ 20 ))y = (F 4( _ 2 o))£3. □ 
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Lemma 4.10. (1) The following equation holds. 

» S 7 / = Orb (F4{ _ 20))0 (E 1 - E 2 ) = Orb { ^_ m) (E 1 - E 2 ). 

Furthermore, S+ 1 is connected. 

(2) (F 4 („ 20 )) j pi(i)/B3 ~ «S + ' . Furthermore, (F 4 (_ 20 )) j pi(i) is connected. 

Proof. (1) Note = S 8 / n S 7 ' 1 . Let X G and g G (F 4{ „ 20) ) F i (1) . 
Because of X G and (j!31 c). #X G Sj 1 . Next, = (^(l)!^) = 
(^(l^X) = (F^l^X). Thus <?X G S 7 / and so (F 4( _ 20 ))^(i) acts 
on Especially, (F 4 (_ 20 ))° ^ acts on <S + ' . 

^ 7 1 

Next, we will show transitivity. Fix X G . X is expressed by 
X = - £ 2 ) + i^fx) where £ > 0, x G ImO and £ 2 - n(x) = 1. 
Using (12.41 a), gx = ^Jxi{x)e\ for some g G G 2 . Then (f (g,g,g) G G 2 C 
B 3 C (F 4( _ 20 ))Ji (1) SJid^ Q {g ) g ) g)X = i{E l -E 2 )+Fl{^c)e l ). Put 

t = 4" 1 log ((£ + v / nOr))/(^ - v /n M)) e R - Because of e x G S 6 and 

Lemma f3. 10( 2) . we see exp(t ^4 3 (ei)) G (F 4 (_ 20 ))pi^ 1 - ) and because of 

£ 2 — n(x) = 1 and (13.101 b). we calculate exp (t Al(ei)^ ip (g, g, g)X = 

E x -E 2 . Thus S 7 / = Orb^^iEx-Ez) = Orb^^E,- E 2 ). 

Because <S + ' is an orbit of one element E\ — E 2 under the action of a 
connected group (F 4 (_ 2 o))£ 3 , is connected. Hence (1) follows. 

(2 ) N ote i^i{ -20)) E 1 -E2,E 3 = \^A{-2Q))e,Ei-E2,Ez = (F 4 (_ 2 o))£i„E2,£3- 

By d3Ua) and (Ob), (F 4( _ 2 o))f1(i) > e 1 -£ 2 = (F4(-20))f 3 1 (i), j b 1 ~e 2 , j b 3 = 
(F 4 (_20))F 3 1 (i), J B 1 ,£ 2 ,i?3 = B 3- From (!), we see (F4(-20))f 3 1 (i)/B 3 ^ 
By Lemma 13.2( 2). B 3 is connected and by (1), <S + ' are connected. 
Hence (F 4 (_ 20 )) F; i(i) is also connected. □ 

Proposition 4.11. (1) The following sequence is exact: 

TO 1 -»> {1, <r 3 } -»> B 3 4 SO^ImO), Q) -> 1. 

(2) T/ie following sequence is exact: 

gTTJb) 1 -> {1, a 3 } (F 4 (- 20 ))ir 4 0°( J^i, Q) 1. 

Proof. (1) It follows from Lemma [3.2( 2) and (12. 61 b). 

(2) By Lemma 14.10( 2). (F 4 (_ 20 )) F i( 1 - ) is connected. Then we see that 
g((F 4 (_ 20 )) j pi(i)) C 0°(j7 7 1 1 , Q) and the following commutative diagram: 

1 -> B 3 -> (F 4( _2o))f 3 1(i) ->■ ^i 1 ->■ * 

|g Ig || 

1 ->■ SO^ImO^Q) O ^^) ->• SJ 1 -)• *. 

It follows from (1) and the five lemma that q is onto and Ker(g) = 
Ker(g) = {l,er 3 }. Hence the assertion follows. □ 
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By Lemma 14.10( 2) and (14.1 li b), we have (F 4 (_ 2 o))f 1 (i) is connected 
and a two-hold covering group of 0°(j7 7 1 1 , Q). So denote 

Spin°(7, 1) := (F 4( _ 20 )) F i (1) . 

Proposition 4.12. Let Y = rE 3 + p(E - E 3 ) + qF£(l) G J 1 with 
q^O. Then(F 4{ _ m ) Y = Spin°(7,l). 

Proof. From 0a), we see Spin°(7, 1) = (F 4( _ 20 )) e 3 ,f£(i) C (F 4( _ 2 o))y- 
Conversely, take g G (F 4( _ 20 ))y. Because of (rE — Y) x2 = ((p — r) 2 + 
g 2 )£ 3 and tr((r£-F) x2 ) = (p-r) 2 + q 2 ^ 0, we see E Y , r G J7 1 is well- 
defined and Ey r = E 3 . By (ll.iop (iii). gE 3 = gEy r = E g y r = Ey r = 
E 3 . ThengF 3 1 (l) = g(q-\Y-(r-p)E 3 -p(E-E 3 )))=Fi(l). Thus 
g G Spin°(7, 1) and so (F 4( _ 20 ))y C Spin°(7, 1). Hence (F 4( _ 20 ))y = 
Spin (7,1). □ 

For i G {1, 2, 3}, the involutive automorphism Oi of F 4 (_ 20 ) is defined 
by &i{g) : = o~igOi for g G F 4 (_ 20 ) and the subgroup K of F 4 (_ 20 ) by 

K := (F 4{ _2 )) a = {g G F 4( _ 20 )| (75 = ga}. 

Lemma 4.13. Let i,j G {1,2,3} and indexes i,i + l,i + 2,i + j &e 
counted modulo 3. 

(1) TTie following expressions hold. 
dH3]a) 

r « = {(Ef=ie^)+^)ie, eR^eo} 

= {X G J7 1 | 4£; x (Ei x X) = X} © RE<, 

( = {Xg J7 1 | £,xl = 0, (S<|X) = 0}. 

(2) (F 4 (_ 20 ))°" i invariants the linear subspaces Jl_ and J}. _ x of J 1 . 

(3) Le*</e(F 4( -2o))* T/ien 

dnab) ^ = #i + + 6+2^+2 + i^ 1 ^) 

/or some £ i+2 G K and x G O. 

Proof. (1) Using the definition of and Lemma 11.6} it follows from 
direct calculations. 

(2) It follows from a^g = go~i for all g G (F 4 (_ 20 ))°\ 

(3) (cf. 19. Theorem 2.9.1]). Now F/ +1 (l), if +2 (l) G J^_ v By (2), 
^Vi(l), 9FI +2 {1) G J^_ x and from flH3]a), we can write #if +1 (l) = 

Ej=i^+j(^+i) and gFl +2 (l) = Y? j=1 F l+M+j) for some Xi+j,Vi+j e 
O. By (Ha), = -e(i + l)(F/ +1 (l)) x2 and £ i+2 = -e(i + 

2)(^ 1 +2 (l)) x2 , so that gE l+1 = -e(i + l)(oF/ +1 (l)) x2 and a£ i+2 = 
-e(i + 2) (#i^ +2 (l)) x2 . From (jT5I d). we see that gE i+1 = -e(i + 

1) (EUFl +j (x i+j ))» 2 = (E-=i6+i^+i) + Fl(u) and g^ +2 = -e(i + 

2) (E?=i^ 1 +i(^+i)) x2 = (Ei=i?7i+i^+i) +K l (v) for some (,.,.'/,•.; G 
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R and u, v G O. Thus gE { = g{E - E i+1 - E i+2 ) = E — E;=i(&+i + 
r]i + j)E i+ j — Ffiu + v). Hence (3) follows. □ 

The following result is shown in [TO] . 

Proposition 4.14. Let i G {1, 2, 3}. Then the following equation hold. 

flUla) (F 4 (-20)) 5i = (F 4( -20)k. 

Especially, 

(EHb) #=(F 4( _ 20) ) Sl = Spm(9), 

(HHc) (F 4 (-20)) 52 = (F 4( -20))^ = Spin°(8, 1). 

Proo/. (cf. [IHl Theorem 2.9.1]). Fix g G (F 4 (-2o)W For all X G J 1 , 

X can be expressed by X = X a . + X_ CTj for some X CT . G Jl and 
X_ CTi G _ x . From (TCTJa), we see gX a * G and G J^_ v 

Then gcr^X = <?X CTj — gX^ Gi = OigX. Hence g G (F4(-20)) ai and so 

(F 4 (_20))Ei C (F 4 (_20)) CTl - 

Conversely, take g G (F 4 (_ 2 o))°v Let index i + j be counted modulo 
3. By gUb), = + e^+i^+i + 4'+2^i+2 + F}{x) for some 
Ci+i,Ci+2 e E and x G O. Because of {gEi) x2 = g{Ef 2 ) = and 
tfL6jd), we see = ((gE^ 2 )^ = and = {(gEi)* 2 ) F i = -x. 
Then g Ej = Thus 5 G (F 4( _ 2 o))i? ! and so (F 4( _ 20) ) fTl C (F 4( _ 20) ) £ ; i . 
Hence (14. 141 a) follows. □ 

5. The exceptional hyperbolic planes and the 
exceptional null cones. 

In this section, we define the exceptional hyperbolic planes and the 
exceptional null cones, and we will show Proposition IU.1I Denote 

H:={X e J l \ X x2 = 0, tr(X) = 1}, 

H(0) := {X G H\ (X\E X ) > 1}, 

u'io) ■■= {x g n\ (x|£ x ) < 0}. 

Then "H(O) and "H'(O) are called the hyperbolic planes of O or the 
exceptional hyperbolic planes. The cone M in J x is defined by 

M := {X G J 1 I tr(X) = tr(X x2 ) = det(X) = 0}. 

We recall (X x2 ) x2 = det(X)X and observe that the cone M contains 
the following cones: 

M(O) := {X G J x \ X x2 = 0, tr(X) = 0, X ^ 0}, 

A/i+(0) := {X G J 1 ] X x2 = 0, tr(X) = 0, {X\E X ) > 0}, 

A/f (O) := {X G J 1 ] X x2 = 0, tr(X) = 0, {X\E X ) < 0}, 

and 

M 2 (0) := {X G J l \ tr(X) = tr(X x2 ) = det(X) = 0,X x2 ^ 0}. 
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Then Af^(0) and A/^O) are called the exceptional null cones. We 
write A/o(0) for the trivial space {0} in J 1 . 

Lemma 5.1. The group F 4 (_ 20 ) acts on Ti, N\{0) and A/^O) and 

CTa) ^=H(0)[]H'(0), 

(jLUb) AA(O) = A/-+(0) ]J A/f (O). 

Proof. From the definitions of "H, A/i(0) and A/^O), we see that F 4 (_ 2 o) 
acts on these spaces. We show (|5.1l a). "H(O) fl?i'(0) = is obvious. 
Fix X = Y?i=i(ti E i+ F i( x i)) e H where (,6R and x< G O. By (Trad). 

= (I x2 ) £2 = 66 + (x 2 \x 2 ) and = (X x2 ) E . s = 66 + (z 3 |z 3 ). Then 
6(6 +6) = -(^2|x 2 ) - (x 3 |x 3 ) < 0, so that (X) El = 6 < or 
6 + 6 < 0. If 6 + 6 < 0, then = 6 = trpf) - (6 + 6) = 

1 - (6 + 6) > !■ Hence dSUa) follows. 

Next, we show (iOb). A/^O) DA/f(0) = is obvious. Suppose 
that X G A/i(0) and 6 = (X|Fi) = 0. We can write X = £F 2 - 
£E 3 + J2Li F i( x i) where £ G R and X; G O. Then = (X x2 ) El = 
— £ 2 — (^lki) an d = (X x2 ) E . = (xi\xi) (i = 2, 3), and therefore £ = 
and Xi = for all % G {1,2,3} iff X = 0. It contradicts with 1^0. 
Hence (15. li b) follows. □ 

Denote J 1 (2; O) := {6-Fi + 6#2 + F£(x)\ 6 G R, 16 O}. 

Lemma 5.2. (1) For any X G J 1 , there exists g G K such that 
(gX) Fl =0 and{gX\E 1 ) = {X\E l ). 

(2) Assume X G J7" 1 satisfies X x2 = 0. T/ien there exists g E K 
such that gX G J rl (2; O) and (gX\Ex) = (X|F X ). 

(3) For any X E H, there exists g G K such that gX = 1~ l (E — 
E 3 ) + 2~ l W where W G S 8 ' 1 and (#X|Fx) = {X\E X ). 

(4) For any X G M(O), there exists g G K such that gX G A/" 8 ' 1 
and(gX\E l ) = (X\E 1 ). 

Proof. From gUb), we note {kX\E{) = (AX|&Fi) = (X|Fi) for all 
k G K. Thus it is enough to show the conditions in addition to the 
condition {gX\E x ) = (X|Fi). 

(1) Set X = Yli=i(£iFi + Fl{xij). We consider the decomposition 

x =6#i + 2^(6 + - £1) + (2^(6 - 6)(F 2 - E 3 ) + F/On)) 

+ (F 2 1 (x 2 ) + F 3 1 (x3)). 

PutX = £ 1 E 1 +2- 1 fa+{ 3 )(E-E 1 ), Y = 2 - 1 (6-6)(F 2 -F 3 )+F 1 1 (x 1 ) 
and X_ CT = F 2 x (x 2 ) + F£(x 3 ). By gUc), F G ^x (2Bl)i _ a and by 
Ha), X_ CT G Fix A; G X. From gU b) and Lemma KM 2 ), 

we see fcX = X and /c X_ cr G so that (^oX))^ 1 = and 

(fco^-ir)jri = (see (14.131 a)). Now, we can write Y = rW for some 
r G R and W e S 8 . By (1431 a), there exists g G X such that 



THE ORBIT DECOMPOSITION AND ORBIT TYPE 



31 



gW = r(E 2 - E 3 ). Thus (gW) F i = and so (gX) F i = (gX ) F i + 
(gX. ff ) F i + r(gW) F i = 0. 

(2) By (1), there exists g G K such that gX = (Y^=i r i^i) + 

(E?=2^ 1 (l/i)) where n e R, j/i G O and {X\Ex) = G?X|£a) = n. 
From the assumption, we see = g(X x2 ) = (gX) x2 . By fll.6L d). 
= ((gX) x2 ) El = r 2 r 3 . Then we have the following two cases: (i) 
r 3 = or (ii) r 2 = 0. 

Case (i) r 3 = 0. Then = ((gX) x2 ) E2 = (2/2 1 2/2) and therefore y 2 = 0. 
Thus <?X = nEt + r 2 £ 2 + F 3 l (y 3 ) G J l (2; O). 

Case (ii) r 2 = 0. Then = ((gX) x2 ) Ea = (2/3 12/3) and therefore 
y 3 = 0. From Lemma 13.101 we see exp(2 _1 7Ty4j(l)) G (F4(_2o))jSi = K 
and exp((2- 1 7r)ii(l))^ = t x E x + r 3 E 2 + F^) G J l (2; O). Hence 
(2) follows. 

(3) By (2), there exists g G (F 4 (_ 20 ))£ 1 such that gX = £\Ei + 
£ 2 E 2 + Fl\x) G J 1 (2;0) with 1 = tr(X) = tr(gX) = 6 + Put 
Y = 2" 1 (6 - 6)(^i - ^2) + ^V)- Then <?X = 2~ l (E - E 3 ) + F 
and F G Jlx (2E3) _ v Because of (#X) x2 = #(X x2 ) = 0, using ffTHl d). 
we see = (g(X x2 )) E , i = ((gX) x2 ) E3 = 66 + (x\x). Then by gUd), 
Q(F) = 4^(6 - 6) 2 - = 4^(6 + 6) 2 - (66 + = 4- 1 . 
Thus F G 2~ 1 <S 8 ' 1 and so (3) follows. 

(4) By (2), there exists g G K such that (0 ^)gX = + 6#2 + 
^(x). Because of (Ola). (Olc) and 6 + 6 = tr(#X) = tr(X) = 0, 
we see that Q(gX) = and #X = 6(-#i - #2) + ^3 0*0 G <^l x (2E 3 ) -v 
Hence #X G A/" 8,1 . " ' □ 

Proof of flEQa) and (KTTlb). 

We show these by using Lemma 14.41 By Lemma 15.11 F4(_ 2 o) acts on 
U. We consider that X = H, G = F 4 (- 2 o), (Xi,X 2 ) = (H(0),H'(0)), 
(vi,v 2 ) = (Ei, E 2 ) in Lemma I4~4l At first, the condition (i) follows from 
(15.11 a). At second, the condition (ii) follows from direct calculations. 
At third, the condition (iii) and Orb-p i{20) (E 2 ) = Orbp 4{ _ 20) (E 3 ) follow 
from (13.111 a). At last, we show the condition (iv). Take X G H = 
*H(0) JJ"H'(0). By Lemma [5T2T 3). there exists go G K such that 

g X = 2~ 1 (E-E 3 ) + 2 -1 W 

where W G S 8 ' 1 and (g Q X\Ei) = (X\Ei). 

Case X G U(0). Because of (g X\Ei) = (X\E X ) > I, we see 
(W\Ei) = 2(g X\Ei) - (E - E 3 \Ei) = 2(g X\E 1 ) - 1 > so that 
W G <S+\ By fi~51c)(i). there exists g-x G (F 4 (_ 20 )) jB3 such that giPF = 
Ei — E 2 and it is clear that 

g igo X = 2-\Ei + E 2 ) + 2~ 1 (E 1 - E 2 ) = E l . 

Thus X G Orfep^^!) and so H(0) C Or6 F4( _ 20) (^). 

Case X G ft'(O). Because of (g X\Ei) = (X\Ei) < 0, (W\E X ) = 
2(g Q X\E l ) - 1 < 0. Then W G 5 8 ' 1 . By (jOlc)fii). there exists #1 G 
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(F 4 (_ 2 o))_e 3 such that g[W = —E\ + E 2 and it is clear that 

g' igo X = 2-\E 1 + E 2 ) + 2-\-E 1 + E 2 ) = E 2 . 

Thus X G Orb F4( _ 20) (E 2 ) and so ft(O) C Orb Fi{ _ 20) (E 2 ). 

Therefore the condition (iv) follows. Hence (10. 11 a) and (10. li b) follow 
from Lemma 14.41 □ 

Lemma 5.3. 

O N= {0} J] jV+(0) n^f(O) U^ 2 (0). 

Proof. Let X G M. By flOb)(iv), (X x2 ) x2 = det(X)A = 0. Then we 
have the following three cases: (i) X = 0, (ii) 1^0, X x2 = or (iii) 
X x2 + 0. It implies X G {0} JJM(O) \\N 2 {0). Hence Q follows 
from (pTTl b). □ 

Proof of (RTTlc) and ([UTTldL 

We show these by using Lemma 14.41 By Lemma 15. 1[ F4(_2o) acts 
on M(O). We consider that X = A/i(0), G = F 4( __ 20) , (Ai,X 2 ) = 
(A/; + (0),A/f (O)), (fi,^ 2 ) = (P + ,P~) in Lemma PI At first, the 
condition (i) follows from (15.11 b). At second, the condition (ii) fol- 
lows from direct calculations. At third, the condition (iii) follows from 
(13.121 c). At last, we show the condition (iv). Take X G A/i(0) = 
Ni(0) JJA/f (O). By Lemma EK4), there exists g G K such that 
g X G A/" 8,1 and {g Q X\E x ) = {X\E X ). 

Case X G A/' 1 + (0). Because of {g Q X\E-i) = {X\E X ) > 0, we see g X G 
By (I4.61 d)(i). there exists #1 G (F 4 (_2o))_b 3 such that gxg$X = P + . 
Thus A G Or6 F4( _ 20) (P+) and so A^O) C Orb F4( _ 20) (P+). 

Case A G A/f(0). Because of (# A|i?i) = (X|£i) < 0, we see g A G 
A/" 8 ' 1 . By (j4.61 d) (ii). there exists g\ G (F 4 (_ 2 o)).E3 such that gig^X = 
P-. Thus A G Or& F4( _ 20) (P+) and so A/f(0) C Orb Fi{ _ 20) (P+). 

Therefore the condition (iv) follows. Hence (10. 11 c) and (10. li d) follows 
from Lemma [4.41 □ 

For t G K, denote 

a 1)2 (t) := exp(t(i}(-l) + i 2 (l))) G F 4( _ 20) . 

Lemma 5.4. Let Xq = rP~ + Q + (x) where ret and a; G O. T/ien 

(J53D ai, 2 (t)A = (r-2tRe(s))p- + Q + (a;). 

Especially, a 1>2 (t) G (F 4( _ 20 ))p-. 

Proo/. Using (151)1) . we see that = and (i}(-l) + 

i£(l))Q+(a:) = -2Re(x)P-. Thus exp(t(ij(-l) + i 2 (l))P~ = P~ 
and exp(t(A\(-l) + A\(l))Q + (x) = Q+(x) - 2tRe(x)P~. Hence the 
result follows. □ 
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Lemma 5.5. Let X G TZ~ . Then there exists g G (F4(_2o))p- such that 

gX = Q+{l). 
Proof. By (13. 121 b). X can be expressed by 

X = rP~ + Q + (x) for some r G R and x G S 7 . 

(Step 1) We show the following assertion: if x G ImO, then there 
exists go G (F 4 (_ 2 o))p- such that g$X = rP~ + Q + (x') where x' G S 7 
and Re(x') ^ 0. Suppose that x G S 6 . By (12 .41 a), there exists g\ G G 2 
such that gtx = e x . Put ai = <Po{gi, gi, gi) G G 2 C (F 4 (_ 2 o))p-- By 
(13. 3p . «iX = rP~ + (5 + (5 l oa ; ) = r P~ + Because of e 2 ,e3 G 

S 6 and Lemma E3K3), we can set ct\ — (L e3 ea , P e3 e2 , T e3 e2 ) G B3 C 
(F 4( - 2 o))p- By o^X = rP~ + Q + (e 3 (e 2ei )) = rP~ + Q+(l). 

Hence the assertion of (Step 1) follows. 

(Step 2) We may assume X = rP~ + Q + (x) where r G R, x G S* 7 and 
Re(x) 7^ by (Step 1). From (j5.4j) . we see that ai >2 (t) G (F 4 (_ 20 ))p- 
and ai, 2 (r/(2Re(z))) X = Q + (sc). 

(Step 3) We may assume X = Q + (a;) where x G S* 7 by (Step 2). 
Then x can be expressed by x = cos 8 + a sin # for some 9 G R and 
a G S* 6 . By (12 .41 a), there exists g\ G G 2 such that g^a = e\. Letting 
«i = <Po(9i, 9u 9i) e G 2 C (F 4 (_2 ))p-, 

ctiX = Q + (pix) = Q + (cos # + e x sin 0) . 

Letting a 2 = (L ei)£2 , P eii62 , T ei)62 ) G B 3 C (F 4( _ 20 ))p-, 

a 2 «iX = Q + (ei(e 2 (cos6 l + ei sin6>))) = Q + (e 3 cos9 + e 2 sin#). 

Again, there exists g 2 G G 2 such that g 2 (e 3 cos6 l +e 2 sm9) = e±. Letting 
"3 = <f 0(92, 92, 92) G G 2 C (F 4( _ 20) )p-, 

a 3 a 2 aiX = Q + (e 1 ). 

Last, letting a 4 = <^ (P e3 ,e 2 , P e3 ,e 2 , P e3 ,e 2 ) G B 3 C (F 4( _ 2 o))p-, 

a 4 a 3 a 2 aiX = Q + (e 3 (e 2 ei)) = Q + (l). 

Hence the result follows. □ 



Lemma 5.6. Let X G Af 2 (0). Then X x2 G M{ (O). 

Proo/. Obviously tr(X x2 ) = and from (| 1.31 b) (iv). we see (X x2 ) x2 = 
det(X)X = so that X x2 G M(O). By Ob). X x2 G AT+(0) 
or X x2 G JVf (O). Suppose X x2 G A/^O). By ffalc). there exists 
g G F 4( _ 20) such that P+ = #(X x2 ) = (gX) x2 and tr(#X) = tr(X) = 0. 
Then gX G 1Z + . Thus it contradicts with (13.121 a). Hence the result 
follows. □ 
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Proof of (jPZDe). 

By Lemma EIH F 4 (_ 20 ) acts on X 2 (0). We show transitivity. Fix 
X G Af 2 (0). By Lemma X x2 G A/f (O) and therefore by (KTTld). 
there exists g x G F 4( _ 20 ) such that (gxX) x2 = gx{X x2 ) = P~ and 
tr(giX) = tr(X) = 0. Then g\X G 1Z~. Thus, applying Lemma [5.51 
there exists g 2 G (F 4 (_ 2 o))p- such that g 2 g\X = Q + {1). □ 

Remark 5.7. From (jSTTl a). Ma) and (|O b). we see that H = 
U{0) \1U\0) = Or6 F4( _ 20) (^i) ll0r& F4( _ 2O) (£ 3 ) and that ^ consists 
of two F 4 (_ 20 )-orbits. Then we can write "H = {X G J7" 1 ] X o X = 
X, tr(X) = 1}. 

For £ = (6,6,6) e M 3 and x = (x 1 ,x 2 ,x 3 ) G O 3 , put := 
ri —yj—lxl — \f— la>A 
lxi r 2 X3 . Denote the exceptional R- Jordan 

^Tx 2 xi r 3 / 

algebra Herm'(3, O) := {h'(£;x)\ £ G R 3 ,x G O 3 } with the Jordan 
product XoY = 2~\XY + YX) (X, Y G Herm'(3, O)). Put the linear 
Lie group F' 4 := {g G GL K (Herm'(3, 0))| g(XoY) = gXogY} and the 
subset W := {A G Herm'(3,0)| Aoi = A,tr(A) = 1} in Herm'(3,0), 
respectively. F.R. Harvey [61 page 296-297] mentions that F 4 is consid- 
ered to be a simple Lie group of the type of F 4( _ 20 ) and F 4 /Spin(9) ~ 
W = Orbp^(Ei). Then %' consists of one F 4 -orbit. We notice that the 
linear Lie group F 4 := {g G GL R ( t 7")| g{X o Y) — gX o gY} is a com- 
pact type of F 4 (_ 52 ) with J = {h{£, x)\ £ G R 3 , x G O 3 } and that there 
exists an isomorphism $ : J — > Herm'(3, O) as R- Jordan algebra given 
as follows <&{A) = diag(— v/-l, 1, 1) A diag(— v/-l, 1, l) -1 . Therefore, 
F' A is a compact type of F 4( _ 52 ) . 

6. The orbit decomposition of J 1 under F 4( _ 20 ). 

In this section, we determine the orbit decomposition of J 1 under 
the action of F 4( _ 20 ). 

Lemma 6.1. Let Ai G R. Then the following equations hold. 
(EUa) {{ME - X) x2 ) x2 = $ x (Ai)(Ai£ - X), 



dSUb) tr((AiE - X) x2 ) = (Ai). 

Proo/. By (Qlb)(iv). 

((Ai-B - X) x2 ) x2 = det(A lJ B - X){\ X E - X) = ^ X {X 1 ){X 1 E - X). 

Using (11.31 a) and (11.31 b). the left side hand of (16.11 b) is 

tr(A 2 £ x2 - 2\ 1 {E x X) + X x2 ) = 3A 2 - 2tr(X)A x + tr(X x2 ) 

and by 0c), the right side hand of fUjb) is 3A 2 -2tr(X)Ai+tr(X x2 ). 
Thus (jOb) follows. □ 
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Lemma 6.2. Assume that X G J 1 has a characteristic root \\ G R of 
multiplicity 1. Let Z = X X E — X . 

(1) The following assertions hold. 
Pa) 

(i) det(Z) = 0, (ii) tr(Z x2 ) ^ 0, 

(iii) (Z x2 ) x2 = 0, 

(iv) (Z x2 ) x Z = 2- 1 (-tr(Z)Z x2 - tr(Z x2 )Z + tr(Z x2 )tr(Z)£). 

(2) TTie following equations hold. 

( (i) ^ >Al = (trCZ* 2 ))"^* 2 , 
(J621b) J (ii) ^,A 1 = (tr(Z)/2) J E;-Z-(tr(Z)/(2tr(Z x2 )))Z x2 , 
[ (iii) W*f Ai = ((4tr(Z x2 ) -tr(Z) 2 )/(4tr(Z x2 )))Z x2 . 

dOc) Q{W XM ) = -4- 1 (4tr(Z x2 ) - tr(Z) 2 ). 

Proof. (1) Since Ai is a characteristic root of X with multiplicity 1, we 
have det(Z) = $x(Ai) = and (Ai) ^ 0. Thus (i) follows and 

(ii) follows from (jO b). By (jCT a). (Z x2 ) x2 = $*(Ai)Z = so that 

(iii) follows. Moreover, (iv) follows from (i) and ( 11.31 b) (v). 

(2) From ( 16.21 a) (ii). E XXl and W X) \ 1 are well-defined and (i) and (ii) 
follow from direct calculations. Thus, using Lemma H~31 and (I6.2l a). we 
calculate that 

W^m = ((tr(Z)/2)E -Z- (tr(Z)/(2tr(Z x2 ))) Z x2 ) x2 
= ((4tr(Z x2 ) - tr(Z) 2 )/(4tr(Z x2 ))) Z x2 

and so Q(Wx,aJ = -tr(W* 2 Xi ) = -4- x (4tr(Z x2 ) - tr(Z) 2 ). □ 

Lemma 6.3. Assume that X G J 1 has a characteristic root Ai G R of 
multiplicity 1. T/ien 

@a) X = Ax^Aa + 2~ 1 (tr(X) - \ X ){E - E XM ) + W XM 
where 

(ESJb) £ XjAl gW(0)[]^'(0), 

0d) W X)Al G Jl HiExM)t . v 

Furthermore 

0e) QC^aJ = -4- x (3A 2 - 2A x tr(X) + 4tr(X x2 ) - tr(X) 2 ). 

Proq/. Let Z = \ X E - X. First, (jOa) follows from jOa)(ii) and 
Ojl . From (j62Jb)(i) and (IOa)(iii). we see that 

£ x2 Ai = (tr(Z x2 ))~ 2 (Z x2 ) x2 = 0, tr(E XM ) = (tr(Z x2 ))-Hr(Z x2 ) = 1 
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so that Ex,\ t G H, and from fl5.H a). ( 16.31 b) follows. Second, because 
of £or,Ai £ ^ an d (11.31 b) (ii). we see that 

2£ XjAl x (E - E XM ) = 2E XM x E = tr(E XM )E - E XM = E — E XM 

and E-E XM G Jl H2ExXi)A - Third, by QOb)(i)(ii), ^E XM xW XM = 
(2/ti(Z x2 ))Z x2 x((ti(Z)/2)E -Z- (tr(Z)/(2tr(Z x2 )))Z x2 ). Then by 
( 11.31 b). (16.21 a) (iii) and (16.21 a) (iv). the right hand side is 

-(tr(Z)/2)E + Z + (tr(Z)/(2tr(Z x2 )))Z x2 = -W XM . 
Thus Wx,\i G <?l*(2Ex\ ) -i' Last, using (16.21 c) and (16.11 b). 
Q(W XM ) = -4- x (4(3A 2 - 2tr(X)Ax + tr(X x2 )) - (3Ai - tr(X)) 2 ) 
= -4-^3X1 - 2X 1 tr(X) + 4tr(X x2 ) - tr(X) 2 ). 

□ 

Lemma 6.4. Assume that X G J x has a characteristic root X\ G R of 
multiplicity 1 . Then E X ,\ X G H(0) or E X) \ 1 G "H'(O) and the following 
(i) or (ii) /ioW. 

(i) When Ex,\ x G "H(O), i/iera i/iere exists g G F 4 (_ 2 o) such that 

gX = XxE x + 2~ 1 (tr(X) - Xx)(E - E x ) + gW XM 

where gWx,M £ <^lx(2E 1 ) -i anc ^ ^ e Quadratic space (<Jlx(2E xx ) 
zs isomorphic to (M ' 9 , q 0i9 ). Especially, Q(W x ,Xi) > and 

Q{Wxm)=Q iff W x , Xl = 0. 

(ii) Mien E X Xl G %'(0), then there exists g G F 4 (_ 2 o) swc/j that 

gX = X X E 3 + 2- 1 (tr(X) - X X )(E - E 3 ) + gW XM 

where gW x ^ G <Jl x (2E 3 ) -i an< ^ ^ e Quadratic space (J'lx^Ex a ) 
isomorphic to (R 8,1 ,qgi). 

Proof. By Lemma [6.31 

X = Ai-Ejc,Ai + 2- x (tr(X) - X X )(E - E XM ) + W XM 
where E x , Al G H{0)Y[H'{0) and V^A: e J^^),-!" 

Case Ex,\i G "H(O). By ( 10. 11 a). there exists g G F 4 (_ 2 o) such that 
gEx,\± = Ei and it is clear that 

gX = X X E X + 2- x (tr(X) - X X )(E - E x ) + gW XM . 
By (Ob), gWx.Ai G ^ (2Bx<A ),_! = ^ x (2_Ei),-i- From Lemma [4.11 
we see that g gives the quadratic isomorphism from (<Jlx(2E x x )-vQ) 
onto (>Jtx(2E 1 ) -vQ) anc ^ that ^he quadratic space (*7lx( 2 E xx )-vQ) 
is isomorphic to (M 0,9 , q 0i9 ). 

Case Ex,\! G %'(0). By (10. li b), there exists g G F 4 (_ 2 o) such that 
gE X) \ 1 = E 3 and as similar to (i), we see 

gX = X X E 3 + 2~ 1 (tr(X) - X X )(E - E 3 ) + gW XM 
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with gW XM e Jl 

x(2£ 3 ),-r From Lemma [4JJ we see that g gives the 
quadratic isomorphism from (3l*( 2 e xa )~vQ) onto (<^lx(2E 3 ), -vQ) 
and that (3lxr 2E )-vQ) is isomorphic to (IR 8 ' 1 , qs,i). □ 



Lemma 6.5. Assume that X G 3 1 has a characteristic root Ai G M. of 
multiplicity 1 and Q{Wx,\ x ) > 0- Then X is diagonalizable under the 
action ofF^_ 20 ^ on 3 l ■ 

Proof. By Lemma 16.41 there exists g\ G F 4 (_ 2 o) such that 

gi X = XiEi + 2- 1 (tr(X) - X 1 )(E - E t ) + g 1 W x ,x 1 

where giWx^ G <?L x (2Ei)-i anc ^ * e {1)3}. From (15.11 a). we see 
Q(giWx,Xi) — Q{Wx,\i) > and therefore giWx,^ can be expressed 
by gxWxM = s/Q{Wxm)Y where Y G 3t, {2Ei) ^ with Q(F) = 1. If 
i = 1 then F G S 8 , and if i = 3 then F G S 8 ' 1 = S 8 ' 1 TJS 8 ' 1 . Then we 
have the following three cases: (i) % = 1, (ii) z = 3 and F G iS 8 ' 1 , (iii) 
z = 3 and F G S!' 1 . 

Case (i): i = 1. By (14.61 a). there exists <? 2 G (F4(-20))bi such that 
g 2 Y = E 2 — E 3 and it is clear that 

020!* = X 1 E 1 + (2^(tr(X) - Ai) + {-l) j ^Q(Wx M )) Ej. 

Case (ii): i = 3 and F G 5+ . By (14.61 c) (i). there exists g' 2 G 
(F4(_2o))£;3 sucn that g 2 F = E\ — E 2 and it is clear that 

g' 29l X = X 1 E 3 + J2U ( 2_1 ( tr P0 " A i) + (-1) J+1 y / W^j) £y- 

Case (iii): i — 3 and F G 5 8 ' 1 . By (14.61 c) (ii). there exists 2 ' G 
(F4(_2o))£;3 sucn ^at 2 F = —E\ + £7 2 and it is clear that 

g» gi X = X 1 E, + J^U ^(trpT) - A x ) + (-iy ^Q(W XM )^ E y 

Thus these cases imply that X can be transformed to a diagonal 
matrix under the action of F 4 (_ 20 ) . 



Lemma 6.6. Assume that X G 3 has a characteristic polynomial 
$x(X) = (A - Ai)(A - A 2 )(A - A 3 ) where A* G C. Then 

(jnsD 

/ (i) tr(X) = Ax + A 2 + A 3 , (ii) tr(Xx 2 ) = A 1 A 2 + A 2 A 3 + A 3 A 1 , 
\ (iii) det(X) = AiA 2 A 3 . 

Proof By ((Lie), A 3 - tr(X)A 2 + tr(X x2 )A - det(X) = $ X (A) = A 3 - 
(Ai + A 2 + A 3 )A 2 + (AiA 2 + A 2 A 3 + A 3 Ax)A - AiA 2 A 3 . Thus the result 
follows. □ 
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Lemma 6.7. Assume that X G J x has a characteristic root Ai G M. of 
multiplicity 1 and $x(A) = (A — Ai)(A — A 2 )(A — A 3 ) where A 2 , A 3 G C. 
Then 

<m Q(W XM ) = A- 1 (X 2 -X 3 ) 2 . 

Proof. By 0c) and (JESJ, aJ = ~4^(3A 2 - 2(A X + A 2 + A 3 )Ai 

+ 4(AxA 2 + A 2 A 3 + A 3 Ai) - (Ax + A 2 + A3) 2 ) = 4- x (A 2 - A3) 2 . □ 

Lemma 6.8. Let real numbers T\, r 2 , r 3 be different from each other 
and Y = diag(ri, r 2 , r 3 ) G J 1 . 

(1) All of characteristic roots ofY are r\, r 2 , r 3 . 

(2) Ei = Ey Ti for all i G {1, 2, 3}. 

(3) V Y = {aE x + bE 2 + cE 3 \ a, b, c G E}. 

(4) H(0) n V Y = {Ey ri } and H'(0) D Vy = {Ey r2 , E Y>r3 } with 

(5) For any g G F 4 (_ 20 ), H(0) H V gY = {E g y ri } and U'{0) n V = 

{E g Y,r 2 i E g Y t r 3 } with E gY)T2 y^E g y r3 . 

Proof. (1) By (Olc). $y(A) = (A - n)(A - r 2 )(A - r 3 ). Hence (1) 
follows. 

(2) Because of (r;£-Y") x2 = (r—rj+i)^-^)^, we see £y n = 

(3) Put the linear space V = {aE 1 + bE 2 + c_E 3 1 a, b, c G K}. Because 
of (2) and Ey ri G Vy, we see Ei,E 2 ,E 3 G Vy so that V C Vy. Thus it 
follows from 3 = dim V < dim Vy < 3. 

(4) Let Z G Vy RE By (3), Z can be expressed by Z = aE x + bE 2 + 
ci?3 for some a, b, c G M. Because of a^i + bE 2 + cE 3 G we see that 
= (aEi + bE 2 + cE 3 ) x2 = bcE 1 + caE 2 + abE 3 and 1 = tv{aE 1 + bE 2 + 
cE 3 ) = a + b + c. Then be = ca = ab = and a + 6 + c = 1. Solving 
these equations, (a, 6, c) = (1, 0, 0), (0, 1, 0), (0, 0, 1) and it is clear that 
H n V Y = {E U E 2 ,E 3 }. Thus H{0) n Vy = {£1} = {Ey ri } because 
(£<|£7i) > 1 iff i = 1, and ft'(O) D W = {£ 2 ,£ 3 } = {£y r2 ,£y, 3 } 
because [Ei\E\) < iff i = 2,3. Moreover £V, r2 = E 2 ^ E 3 = Ey rs . 
Hence (4) follows. 

(5) From fffUl a). (4) and (ODII (iii). it follows that H(0) n V gY = 
(gH(0)) n s-(^) = </(ft(0) n W) = {E g y Xi } and ft'(O) n v = 
(gH'(0))ng(V x ) = g(H'(0)nV Y ) = {E gYXi+1) E gYK+2 } with E gYr2 + 

E gY) r 3 • n 

Lemma 6.9. Let i G {1, 2, 3} and indexes i, i + i + 2 be counted mod- 
ulo 3. Let real numbers Ai, A 2 , A3 be different from each other and Yj, = 
diag(Ai, Aj+i, A i+2 ) G J 1 . Then orbits Orbp 4{ _ 20) (Yi), Or6 F4( _ 20) (F 2 ), 
Or&F 4( _ 20) (Y3) are different orbits from each other. 
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Proof. It is enough to show Orb Fi(20) (YJ ^ Orb F<20) (Y i+1 ). Suppose 
that there exists g G F 4 (_ 2 o) such that gYi = Y i+ i. By Lemma 16787 4). 

H(p) n V Yi = {E YitXi }, u'(p) n V Yi = {E YijXi+1 , E YijXi+2 }, 

H(0) n Vy i+1 = {# Wi+1 }, H\0) n Vy i+1 = {Ey i+uXi+2 , Ey i+lX }. 

In particular, Ey i>Xi+1 G U'{0) and E Y . +ljX . +1 G U{0). From (JDUa) 
and dnnD(iii), we see E Y . +1>X . +1 = E gYi>x . +1 = gE Y . jX . +1 G gU'{0) = 
H'{0). Then fromJOa), it follows that E Y . +1>X . +1 G U{0)nW{0) = 
0. It is a contradiction as required. □ 

Proposition 6.10. Let i G {1,2,3} and indexes i, i + 1, i + 2 be 

counted modulo 3. Assume that X G J 1 admits characteristic roots 
Ai > A 2 > A3. 

(1) There exist the unique i G {1,2,3} such that 

X G Orb Fi( _ 20) (diag(A i; A m , A i+2 )). 

(2) The following assertions are equivalent. 
(i) X G Or& F4( _ 20) (diag(Ai, A m , A i+2 )). 

/ H(o)nv x = {E X)Xi }, 

1 ] \ H'(0) nV x = {E XjXi+1 , E x>Xi+2 } with E x>Xi+1 ^ E XXi+2 . 

Proof. (1) Fix the characteristic root Ai G R. Because of 7^ A 2 — A 3 G 
R and JEZD, we see Q(W X}Xl ) = 4 _1 (A 2 - A3) 2 > 0. By Lemma ESS 
we see that X is diagonalizable under the action of F4(_ 2 o). Then 
from Lemma 16751 (1) . there exists i G {1,2,3} and go G F 4 (_ 20 ) such 
that g X = diag(Aj, \ i+2 ) or g X = diag(A i; A i+2 , Aj+i). When 
g X = diag(Ai, A i+2 , A i+1 ), from (13.101a). we see exp(2~ 1 'KA{(i))g X = 
diag(A i> A i+ i,A i+2 ). Thus X G Orb F< 20 (diag(Aj, X i+1 , A i+2 )) and by 
Lemma l6.9[ such i is unique. Hence (1) follows. 

(2) We show (i) =>■ (ii). Then it implies that (i) and (ii) are equivalent 
(a proof by transposition). Suppose gX = diag(Aj, Aj+i, Aj +2 ) for some 
g G F 4 (_ 20 ). Since gX is diagonal matrix, from Lemma 16.8( 4). we 
see n(0) n V gX = {E gXiXi } and H'{0) R V gX = {E gX>x . +l , E gX)Xi+2 } 
with E gXX +1 7^ E gXX . +2 . Then from Lemma [6T8T 5). it follows that 
H{o)r\v x = U(0)nV g -x gX = {E g -i gX>Xi } = {E xx } and^'(0)n\/ x = 
H'{0) n V g -i gX = {E XtXi+1 , E XXi+2 } with E XXi+1 y£ E xx+2 . □ 

Proposition 6.11. Assume that X G J 1 admits characteristic roots 
Xi G R, p db \/—Tq mt/i p G R and g > 0. T/ien 

X G Or6 F4( _ 20) (diag(p,p, Ax) + ^(g)). 

Proof. Since Ai is a characteristic root in R of multiplicity 1, from 
(EZD, we see Q(Wx,aJ = 4" 1 ((p + y^lq) - (p - v^b?)) 2 = -g 2 < 0. 
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From Lemma E3, we see that E x ,\i must be in %'{0) and there exists 
g\ G F 4 (_2o) such that 

9l X = X.Es + 2~ 1 (tr(X) - X 1 )(E - E 3 ) + 9l W XM 

where giW XM G J2*( 2 £ 3 )-i and Q{9iW x ,\ x ) = Q( w xm) = ~<? 2 < 0. 
By fED(i), tr(X) = Ax + (p + v^g) + (p - v 7 ^) = Ai + 2p and 
therefore g\X can be expressed by 

gxX = \ 1 E 3 +p(E - E 3 ) + qY for some Y G <S 8,1 (-1). 

Now by (14. 61 b). there exists g 2 G (F 4 (_ 20 )) j e 3 such that g 2 F = ^3(1) 
and it is clear that 

g 29l X = \,E 3 + p(E - E 3 ) + F^q) = diag(p,p, A x ) + ^(g). 

□ 

Lemma 6.12. 

Af+(P) n Jl H2E ^ = A/+\ A/f(0) n ^x (2£3 ),-i = A/" 8 ' 1 . 

Proo/. Take X G AT+(0) fl j£ x{2Ea) _ v Because of X G AT+(0), 
Q(X x2 ) = and (X^) > 0. Thus, X G A/" 8 ' 1 and so Aff(0) D 
Jl^(2E 3 )-\ c A/" 8 -' 1 . Conversely, take X G A/" 8 ' 1 . Then X can be ex- 
pressed by X = f (£1 - P 2 ) + ^(x) where f = (X|Pi) > 0, x G O 
and = Q{X) = £ 2 - (x\x). Now X x2 = -(£ 2 - (x\x))E 3 = 0, 
tr(X) = and {X\E X ) > 0. Thus X G Aff(0) n J2x( 2 e 3 )-i and so 
A/" 8 ' 1 C AT+(0) n ^x^),-!- Hence Af+(0) n = 
Similarly, we obtain A 1 ~(0) fl J^lx( 2 E 3 ) -1 = A/" 8 ' 1 - D 

Proposition 6.13. Assume that X G JT 1 admits characteristic roots 
Ai 0/ multiplicity 1 and A 2 0/ multiplicity 2. T/ien we /iai>e 

(i) p x , Ai en(o)Y[n'(o), (n) w^ jAl g {o}]Ja^(o)]Ja^(o), 

(iii) E XM G H(O) => W XM = (iv) Wx iAl ^ E X) \ 1 G -H'(O) 

ano? £ne following assertions hold: 

(1) E X \ 1 G K(O) ^ X G Or6 F4( „ 20) (diag(A 1 , A 2 , A 2 )) ; 

(2) ^ )Al G -H'(O), Wxm = X G Or& F4( _ 20) (diag(A 2 , A 2 , Ai)), 

(3) W^,A! GA^+(0)^X GOrfe F4( _ 20) (diag(A 2 ,A 2 ,A 1 )+P+) J 

(4) iy x , Al GA^r(O)^XGOrfe F4( _ 20) (diag(A 2 ,A 2 ,A 1 )+P-). 

Proof, (i) follows from (16.31 b). Since Ai is a characteristic root in R of 
multiplicity 1, form fl£2}, we see Q{W XM ) = 4~ 1 (A 2 - A 2 ) 2 = 0. Put 
Z = \ X E- X. From ([Ob) (iii) and (|O c). we see 

W$X = -(Q(W XM )/tx(Z^))Z^ = 0. 
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Now, because of ti(Ex,\i) = 1 and tx(E) = 3, we see 

tr(W XM ) = tr (X - (\iEx,\x + 2- 1 (tr(X) - X 1 )(E - E x , Xl ))) = 0. 

Thus Wxm G {0}]JM(O). Hence (ii) follows from flEUb), and (iii) 
follows from Q(Wx,\i) = and Lemma l6.4( i). Moreover, it follows 
from (i) that (iv) is the contrapositive proposition of (iii). 

(1) By (iii), Wx,\i — 0. Hence it follows from Lemma l6.4( i). 

(2) It follows from Lemma l6.4( ii). 

(3) From (iv), we see E XXl G H'(0) and from Lemma EH there 
exists gi G F 4 (_ 2 o) such that 

9l X = X 1 E 3 + 2~ 1 (tr(X) - Xi)(E - E 3 ) + gi W XM 

where giW XM G Jl H2Ez) ,-r B Y P^), giW XM e ^ + (0) = 
Af+(0) and by Lemma EH tfiW^ G A^ + (0) n Jlx (2E3 ),-i = A/J 1 . 
From f)4.61 d)(i). there exists g 2 G (F^^o))^ such that g 2 giWx,x 1 = P + ■ 
Now by ((6SD(i), tr(X) = Ai + 2A 2 . Thus 

^X = A 1 E3+2- 1 (A 1 +2A 2 -A 1 )(E-E3)+P + = diag(A 2 , A 2 , X 1 )+P + . 
Hence (3) follows and similarly, (4) follows. □ 



Proposition 6.14. Assume that X G J 1 admits a characteristic root 
of multiplicity 3 . Then 

P(X) G {0} H A/+(0) ]J^r(0) ]JM(0) 

ano? £/te following assertions hold: 

(1) p(X) = 0416 Or6 F4( _ 20) (3- 1 tr(X)E), 

(2) p(X) G jV+(0) 4 X G Or6 F4( _ 20) (3- 1 tr(X)E + P+), 

(3) p(X) G JVf(O) 4 X G Or6 F4( _ 20) (3- 1 tr(X) J E + P"), 

(4) p(X) G A/" 2 (0) ==> X G Orb Fi{ _ 20) (3^tr(X)P + Q+(l)). 

Proo/. Put Z = p(X). Because of $ X (A) = (A - 3- 1 tr(X)) 3 , we see 
$ Z ( M ) = det((n + 3-Hr(X))E - X) = $ x (fj, + 3-Hr(X)) = /r 5 . From 
Pc), we see tr(Z) = ti(Z x2 ) = det(Z) = 0. Then by Z G 

AT= {0}TJA^ + (O)TJA^r(O)lJ^ 2 (O). NowX = 3" 1 tr(X)P + p(X). 
Since E is invariant under the action of F4(_ 2 o), (1),(2),(3) and (4) 
follows from (ICTc). (RTTld) and (ffTTle). □ 



Proof of Main Theorem [TJ Fix I e J 1 . $x(A) is a M-coefficient 
polynomial of A with degree 3, so that we obtain the following cases 
(l)-(4) by means of the set of all characteristic roots with multiplicities. 

(1) X G J 1 admits characteristic roots Ai > A 2 > A 3 . 

(2) X G J 1 admits characteristic roots Ai G R and p ± y/—lq with 
p G R and q > 0. 
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(3) X G J 1 admits characteristic roots Ai of multiplicity 1 and A2 
of multiplicity 2. 

(4) X G J 1 admits a characteristic root of multiplicity 3. 

Because the set of all characteristic roots with multiplicities are in- 
variant under the action of F4(_2o), the difference of set of all charac- 
teristic roots with multiplicities induces the difference of F 4 (_ 2 o)-orbits 
in J 1 . Therefore cases (l)-(4) are different cases of orbits from each 
other. 

In case (1), by Proposition 16. 10[ we obtain the propositions (l)(i)-(ii) 
and the canonical forms. By Lemma I6.9[ the three cases are different 
orbits from each other. 

In case (2), by Proposition 16. 11[ we obtain the canonical form of X. 

In case (3), from Proposition 16. 13[ we obtain the propositions (3)(i)- 
(iv) and the canonical forms. Put O = A/^O), J\f i~(0) or {0}. From 
dUTDJ and Proposition ED it follows that if W x ,\ x G O then 

W g xM = gWxM EgO = for all g G F 4( _ 20 ). 

Thus the condition Wx,\ x G (9 is invariant under the action of F 4 (_ 2 o) • 
Similarly, from fll.lOp and Proposition 10 .![ the condition Ex,x x G "H(O) 
or Ex,x x G H'(0) is invariant under the action of F 4 (_ 20 ). It implies 
that these four cases are different orbits from each other. 

In case (4), by Proposition 16.141 we obtain the proposition and the 
canonical forms. Put O' = A/; + (0), A^O), A/" 2 (0) or {0}. From 
([TIDD and Proposition EEJ it follows that if p{X) G O' then 

p(gX) = gp(X) G gO' = O' for all g G F 4( _ 20) . 

Thus the condition p(X) G O' is invariant under the action of F 4 (_ 20 ). 
It implies that these four cases are different orbits from each other. 

Hence we obtain a concrete orbit decomposition of J 1 under the 
action of F 4 (_ 20 ). □ 

7. The construction of nilpotent subgroup. 

In this section, we explain the construction of nilpotent groups iV + 
and iV~. The differential doi G AutK(f 4 (_ 2 o)) of the involutive auto- 
morphism o-j is written by same letter <7, : 5^0 = o^Oi for (f> G f4(-20)- 

Lemma 7.1. Let i G {1,2,3} and indexes i, i + 1, % + 2 be counted 
modulo 3. Let D G 4 and a, b G O. 
(1) The following equations hold. 

, , W &iD = D, (ii) a t A}(a) = A}(a) 

fl7.H a) 



(hi) 5iA){a) = -A] (a) for j = i + 1, i + 2. 
(2) The following equations hold. 

(i) [D,A}(a)] = Al(D t a), (ii) [A](a), A}(b)] G 4 , 
(hi) [Al(a),Al +l (b))=e(i + 2)Al +2 (ab) 



dZUb) 
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where D = d<p (Di, D 2 , D 3 ) G 9 4 (see Lemma I3T5T 3)). 

Proof. Fix X G {E h if (x) \ x G O, i = 1, 2, 3}. 

(1) From Lemma l3~5T 3). D can be expressed by D = d<po(Di, D 2 , D 3 ). 
Using ( 13. 5p . we can show OiDoiX = DX on J 1 . Then from (11.51 a). 
(EUa)(i) follows. From (pHfl b). showing cr;ii(a)cr;X = A;(a)X on J" 1 , 
(17. 11 a) (ii) follows. Similarly, (I7.11 a)(iii) follows. 

(2) From ([USb) and (|33]1 . showing [D, A\(a)]X = A$(Di<i)X on 
J\ (1711b) fi) follows. From CTb). showing [i|(a), iJ +1 (6)]X = e(i + 
2)iJ +2 (^6)X on J 1 and [ij( a )> AH 6 )]- 67 * = with k G {1,2,3}, we 
obtain (J7J]}b)(ii)(iii). □ 



Lemma 7.2. The following assertions hold. 

(1) ([121 Theorem 2.5.3]). TTie Killing form B of is given by 

(J72Ja) B{(j> u fa) = 3tr(0 x 2 ) /or & G f£. 

Especially, the Killing form B o/f 4 (_ 2 o) — (j?)™ * s ?wen fey i/ie restric- 
tion £?|(f 4 (_ 20 ) X f 4 (-20))- 

(2) Lei = tVo(£>i, £> 2 , £> 3 ) + Eti w/iere # (£>i, A, L> 3 ) G 
£) 4 and aj G O. T/jen 

(H2Jb) 5(0,a0) = -3 (J^ =1 ((^; =0 (Ae,|Ae,)) +24(0,10*))) . 
Furthermore, a is a Cartan involution o/f 4 (_ 2 o). 

Proo/. (2) By (TTUa), a0 = d<p (D u D 2: D 3 ) + Eli^K'K)- Since 
{Sj,i^ 1 (ej)| i = 1,2,3, j = 0, • • • , 7} is a basis of J7" 1 , using (17.21 a). 

Bfaafi = 3 (Ef=i (^mm + ELi E J=o((0(^)^ 1 ( e J ))Fi|e j )) 
and from (13.51) and (13.91 b). we see that ((/>(a<f))Ei\Ei) = — 2((ai + i|a i+ i) + 
(a i+2 |a; +2 )) and {{(j){a4>)Fl{ej)) F i\ej) = -(Aej|Aey) - 4(a i |e J ) 2 - 

Ej=i+i( a il a i) wnere indexes i, i + 1, i + 2 are counted modulo 3. Thus 
(17.21 b) follows. Moreover, the bilinear form -B(0i, 5"0 2 ) (0i, 2 G f 4 (_ 2 o)) 
is negative definite. Hence the result follows. □ 

Denote t := {0 G f 4 (-20)| <T0 = 0} = Lie(K) and p := {0 G 
f 4(-2o) I ^0 = -0}- By Lemma E2K2), 

f4(-20) = t © P (Cartan decomposition). 

From (I7.11 a)(iii). we see A|(l) G p. The abelian subspace a of p and 
the linear functional a on a are defined as 

a:={tAl(l)\tER}, a(Jg(l)):=l 

respectively. Let a p be a maximal abelian subspace of p such that 
a C a p , and denote the dual space of a (resp. a p ) as a* (resp. ap"). For 
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Ago* (resp. a*), denote 

g A := {0 G f 4( -20)| [HA] = KH)<f> f or all H e a} 
(resp. g A (a p ) := {0 G f 4 (-2o)| 4>] = H H )<t> for a11 H e a p}) 
and denote 

E:= {A G o*| A^O, a^{O}} 
(resp. S(o p ) := {A G o p *| A ^ 0, a A (a p ) ^ {0}}). 
Moreover, the centralizer of a of the group K and its Lie algebra as 
M := Z K (a) = {keK\ kAK^k' 1 = Al{l)}, 
m := Zt(a) = {(f) et\ [0,AJ(1)] = O} 

respectively. For all p G ImO, the elements l p ,r p ,t p G EndjR(O) are 
defined by 

Z p x := px, r p x := xp, t p x := (Z p + r p )x = px + xp for x G O 

respectively Because of p = —p and (11 .li e), we see (l p x\y) = — (x\l p y) 
so that D 1 G D 4 . Similarly l p ,t p G £) 4 . By CLUj), 

/ p (x)y + xr p (y) = (px)y + x(yp) = p(xy) + (xy)p = et_ p e(xy). 

From Lemma l3.5f 3). the element S(p) G c) 4 is defined by 

5(p) := d(p (l p ,r p ,t_ p ). 

For p G ImO and x G O, denote 

fc(x) := + Al(-x), G 2 (p) := A*(-p) - S(p), 

g.i{x) := Aft*) + Al(x), g_ 3 (p) := i*(p) - S(p) 

and the subspaces g±i, g±2 of f 4 (-2o) as 

01 := {Gi(x)\ x G O}, 2 := {g 2 (p)\ p G ImO}, 

fl_! := {S-i(x)| x G O}, 0_ 2 := {S_ 2 (p)| p G ImO} 

respectively 

Lemma 7.3. Let p G ImO and x G O. 

(1) 0i C 0jQ, /or z G {±1, ±2}. Especially, {±a, ±2a} C S. 

(2) [ 

Proof. (1) Using (I7.11 b)(iii). we calculate that 

+Al(^x)\ = ±(A\(x) +Al(Tx)) (resp) 

with x G O. Thus g±i C 0± a (resp). Fix p G ImO. By (17. li b) (ii). 
[Al(l), A\(p)]E k = with k G {1, 2, 3}, and because of (jg^lb). p = -p 
and 4(p|x) — 4(l|x)p = 2(xp + px) — 2p(x + x) = —2(px + xp), we see 

[Al(l),Al(p)]Fl(x) = Fl(2px), [A\(l),Al(p)]F l 2 (x) = F](2xp), 

[A\(l),A\(jp)]Fl(x) = F 3 1 (4(p|x) -4(l|x)p) = F 3 1 (-2(px + xp)). 
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Then from (11.51 a). we see [A^l), y4g(p)] = 25{j>) on J 1 . Thus, from 
( I7.1l b)(i). we have 

[ij(l), Al(-p) - 5(p)} = -2S(p) + Al(t_ p l) = 2{A\{-p) - 5(p)), 

[Al(l), A\{p) - 8(p)} = 25(p) + A\{t_ p l) = -2(i?i(p) - *(?)) 

and so g± 2 C g± 2o (resp). Hence (1) follows. 

(2) It follows from the Jacobi identity. □ 



Proposition 7.4. The following equation hold. 
( OP M = B 3 = Spin(7). 

Proof. From (13. li b), the subgroup B 3 = Spin(7) in K is the stabilizer 
(F4(_2o))_e;i,F3 1 (i)- Fi x # € Spin(7). Then g can be expressed by g = 
(g^eg^gs) such that g = {gi,eg x e,g z ) G Spin(8) and g 3 l = 1. Put 
= (^(sO^K-O^oCs 1 ) -1 - Using (13.31) and (13. 91 b). we calculate that 

<t>(-E x + E 2 ) = 2F 3 1 (1) = A\(l){-E 1 + E 2 ), 

<j>p- = 2P- = i 3 (l)P-, <f)E = = 0£ 3 = = i 3 (l)£ 3 , 

<j>Fl{p) = 2{g- 1 p\l){-E l + E 2 ) = 2{p\l)(-E 1+ E 2 ) = Al(l)F^(p), 

4>Q + (x) = Q+(x) = Al(l)Q+(x), 4>Q-(x) = -Q~(x) = A\{l)Q~{x) 

where x G O and p G ImO. From (1 1.51 b). we see = ^4 3 (1) on J 1 . 
Thus <p (g) G M and so B 3 C M. 

Conversely, take k G M C K. Then fc, fc" 1 G (F 4( _ 20 )) Bl by (jQ4l b) 
and ^(l)Ar 1 = A\{1). Now from (JHUb), we see that kF$(l) = 
-kAl(l)Ei = -kA\(l)k~ l E 1 = -A\{l)Ex = F£(l). Thus we obtain 
k G (F 4 (-20))i? 1 , J F!i(i) = B 3 and so M C B 3 . Hence M = B 3 . □ 

Lemma 7.5. Let i G {±1,±2}. The following equations hold. 
CGDa) (i) Qi = g icn (ii) a p = a. 

CHJb) E(op) = E = {±a, ±2a}. 

dUSJc) f 4 (_2o) = g-2affig- a ffia©m©g Q ©g 2a . 

Proof. From the definitions of m and a, we see m C goflf and a C go Hp. 
Then from Lemma [731(1), we see that g_ 2 + 0-i + o + m + $ji + g 2 is a 
direct sum g_ 2 © 0-i © a © m © gi © g 2 and that 

0-2 © 0-i © a © m © gi © g 2 c 0- 2a © 0- a © a © m © g a © g 2a C f 4 (-2o)- 

Now dim a = 1, dim g 2 = dim g_ 2 = dim O = 8, dim gi = dim g_i = 
dim (ImO) = 7 and by (17.41) . dim m = dim (so(7)) = 21 where so(7) = 
Lie(SO(7)). By (|2Ua), dim f 4( _ 20) = 52. Thus 

dim (g_ 2 © g_i © a © m © gi © g 2 ) = 52 = dim f 4 (_ 20 ) 
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and it is clear that 

0-2 © 0-i © a © m © 0i © g 2 = 0-2a © 0-a © a © m © g a © Q 2a = U(-2o) 

and that Qi = Q ia for ? G {±1,±2}. Because of a © m C 0o, the 
decomposition f4(-20) = 0-2a © 0-a © (a © m) © Q © Q 2a implies the 
eigendecomposition of ad(y4g(l)) and the root space decomposition of 
(f4(-20),a) (cf- [10, Ch V]). Thus E = {±a, ±2a} and q = a © m. 
Because of a C a p C 0o H p = a, we have a p = a and E(a p ) = E = 
{±a,±2a}. ' □ 

The nilpotent subalgebras xt^ are defined by 

n + := g 2a ©0 Q = {^(p) + &( a 0l p G ImO, a; G O}, 

n~ := 0- 2 q ©0-q = {G-2(p) +G-i(x)\ p € ImO, a; G O} 

respectively. In fact, by Lemma [7.3( 2) and ( 17.51 b). 

[n + ,[n+,n + ]] =0, [n", [n" n"]] = 

and the nilpotent subgroups N ± of F 4 (_ 2 o) are defined as 

N + := expn + = {exp(G 2 (p) + Gi{x)) \ p G ImO,i G O}, 
N~ := expn~ = {exp(£_ 2 (p) + G-i(x)) \ p G ImO, a; G O} 

respectively. 

Lemma 7.6. Let x G O and p G ImO. 

(EUD exp£ 2 (p) exp£i(x) = exp(£ 2 (p) + Gi{x)) = expGi{x) exp£ 2 (p). 

Proof. By Lemma [7^2) and (Ob), [0 q ,0 2q ] = [0 2q ,0 q ] = 0. Hence 
(El follows. □ 

Denote T(x, y, z) := (a?y)z — (zy)x for x, z G O (cf. [HI (6.55)]). 

Lemma 7.7. ([6\ Lemma 6.56]). T(x,y,z) is alternating on O : 
T(x, x, z) = T(z, x, x) = T(x, z, x) — for all x, z G O. Especially, for 
all Xi, x 2 , x% G O, 

(EZD T(xi, x 2 , ac 3 ) = T(x i; x i+1 , x i+2 ) = ~T{x u x i+2 , x i+1 ) 

where i G {1, 2, 3} and the indexes i, % + 1, % + 2 are counted modulo 3. 
Proof. It follows from f ll.ll h). □ 



Lemma 7.8. Let p,q £ ImO and x, y G O. T/ien 

dH [&(p) + Gi(x), G 2 (q) + Gi(y)\ = G 2 (2lm(xy)). 
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Proof. First, by Lemma [7.3( 2) and ( 17. 51 b). 

[&(?),&((?)] = [&(p),^i(a?)] = 0. 

Second, we show [Gi(x), <3\{y)} = </ 2 (2Im(a;|7)). Put / = [Gi(x), Gi(y)]~ 
Gv(2lva.(xy)) . From (17. li b), we calculate that 

[Gi(x)Mv)\ = ([Al(x),Al(y)] + [Al(x),Al(x)])-Al(2Im(xy)), 
G 2 (2lm(xy)) = A^(-2Im(a^)) - 5{2lm{xy)). 

Then / = [A\{x),A\{y)] + [A\{x), A\{y)] + 5(2Im(xy)). By flZHb)(ii), 
/ G 4 and from Lemma [3ToT 3). we can write / = d<fo(D 1 ,D 2 ,D 3 ) 
where (Di, D 2 , D 3 ) G (SU) 3 satisfying the infinitesimal triality. Fix 
z G O. Then 

Fip!*) = d( Po (D 1 ,Ih,D 3 )Fl(z) = fFl{z) 

= {[A\{x),A\{y)\ + [Al(x),Al(y)} + 5(2Im(xy)))F?(z) 

and using (13. 91 b). ( Il.ll g). and ( 17. 7p . we see that 

D\z = — 4(y\z)x + 4(x\z)y + (zy)x — (zx)y + (xy)z — (yx)z 
= —2(yz)z — 2{zy)x + 2{xz)y + 2{zx)y 
+ (zy)x — (zx)y + (xy)z — (yx)z 
= (zx)y — (yx)z + (xy)z — (zy)x + 2(xz)y — 2{yz)x 
= T(z, x, y) + T(x, y, z) + 2T(x, z, y) 
= T(x, y, z) + T(x, y, z) - 2T(x, y, z) = 0. 

Then D\ — and from Lemma 1331 (1). we see D 2 = D 3 = 0. Thus / = 
and so [Gi(x),Gi(y)] = {? 2 (2Im(a;?7)). Hence the result follows. □ 

Lemma 7.9. There exists a neighborhood UofOin ImO x O such that 

(EHD exp(£ 2 (p) + ^(x)) exp(£ 2 (g) + Gi{y)) 

= exp(Q 2 (p + q + lm(xy)) + Gi{x + j/)) 

/or all (p, x), (q,y) G 17. 

Proof. Using Campbell-Hausdorff-Dynkin formulas (cf. [3] Theorem 
3.4.4]), there exists a neighborhood U\ of in End^i/ 1 ) such that for 
all X,YeUx, 

exp X exp Y = exp (X + Y + 2' 1 [X, F] + 12" 1 [X, [X, Y]} 
+12~ 1 [F, [Y,X]] + (terms of degree > 4)) . 

Because of [n + , [n + , n + ]] = 0, we see 

exp X exp Y = exp (X + Y + 2' 1 [X, Y}) 
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for all X, Y £ n + fl U\. Then by (17. 8p . there exists a neighborhood U 
of in ImO x O such that for all (p, x), (q, y) G U, 

exp(g 2 (p) + Gx{x)) exp(£ 2 (g) + Gi{y))) 

= exp (g 2 (p + q ) + g l ( x + y) + 2- l \g 2 { P ) + g 1 (x), g 2 { q ) + g 1 ( y )]) 

= exp(g 2 (p + q + lm(xy)) + Q x {x + y)). 

□ 

Lemma 7.10. Let p,q G ImO and x,y E O. 

dnuia) 

f (i) £ 2 (p)(-£ 1 + £ 2 ) = -2F 3 », 

(ii) &(p)F- = 0, (iii) £ 2 (p)£ = 0, (iv) g 2 (p)E 3 = 0, 

(v) g 2 {p)Fi(q) = -2{p\q)P-, 

(vi) £ 2 (p)Q + (2/) = 0, (vii) &(p)Q-(y) = -2Q+(py). 

dZHBb) 

(i) ^i(a;)(- J B 1 + S 2 ) = -Q-(x), 

(ii) g 1 (x)P- = 0, (m)g 1 (x)E = 0, (iv) ^i(x)E 3 = Q+(x), 
(v) SiOz)^) = -Q + (gx), (vi) Gx(x)Q + (y) = 2(x\y)P-, 

(vii) GtWQ-iy) = 2(x\y)(E - 3E 3 ) + Fi(2lm{xy)). 

Proof. Using (13. 91 b) and the definition of 5(p), it follows from direct 
calculations. □ 



Lemma 7.11. Let p,q G ImO and x, y G O. 
dZHla) 

' (i) exp^ 2 (p)(-E 1 + E 2 ) = {-E x + E 2 ) - 2Fi(p) + 2(p\p)P~, 

(ii) exp g 2 (p)P- = P~, (iii) exp g 2 (p)E = E, 

(iv) expg 2 (p)E 3 = E 3 , 

< (v) ex P g 2 (p)F^q) = F 3 1 (q)-2(p\q)P-, 

(vi) exp£ 2 (p)Q + ( W ) = Q+(?/), 

k (vii) ex V g 2 {p)Q-{y) = Q-{y)-2Q+{py). 

(ETUb) 

r (i) expg 1 (x)(-E 1 + E 2 ) = (-E 1 + E 2 )-Q-(x) 

-(x\x)(E - 3E 3 ) + (x\x)Q+(x) + 2- 1 (x\x) 2 P-, 

(ii) exp g 1 (x)P~ = P~, (iii) exp Q 1 (x)E — E, 

(iv) expire) £3 = E 3 + Q+(x) + (x\x)P~, 

< (v) ex P g 1 (x)F 3 1 (q) = F 3 1 (q)-Q+(qx), 

(vi) ex P e? 1 (x)g+(y) = Q+(y) +2(x\y)p-, 

(vii) exp Gx{x)Q-(y) = Q-{y) + 2{x\y){E - 3E 3 ) 

+F 3 (2lm(xy)) — Q + {3{x\y)x + lm(xy)x) — 2(x\y)(x\x)P~ . 



THE ORBIT DECOMPOSITION AND ORBIT TYPE 49 

Proof. Using ( 17. 101 a) and (17.101 b). it follows from direct calculations. 

□ 

Lemma 7.12. Let p E ImO, x E O and X E n + . Then G 2 (p) 3 = 
and Q x (x) 5 = Especially, 

to 

ex P g 2 (p) = YsLoM-'^pY, exp^(x) = ^n^W^Y- 

Proof. Let S = {-E x + E 2 , P~, E, E 3 , F», Q+(x), Q~(y)\ p E 
ImO, x,y E O}. From (17301) . we see that G 2 (p) 3 Y = and Q x {xfY = 
for all Y E S. Thus it follows from (11.51 b) that Q 2 (p) 3 = and 
Q^xf = on J 1 . □ 

8. The stabilizers of semidirect product group type. 

Consider Spin(7) x ImO x O in which multiplication is defined by 

(g,p,x)(h,q,y) := (gh,p + g 3 q + lm(x(g 1 y)),x + g x y) 

where p,q E ImO, x,y E O and g = (gx, g 2 , g 3 ), h E Spin(7). By 
Lemma 12.3( 1). g 3 q E ImO and it is clear that the multiplication is 
closed. Denote G := Spin(7) x ImO x O, G := {(g,0,0) \ g E Spin(7)} 
and define the subset Hi m o,o of G by 

Hi m0 ,o := {(l,p,x)\ p E ImO, a; E O}. 

Then, for all (l,p,x),(l,q,y) E Hi m0 ,o, 

(l,p,x)(l,q,y) = (l,p + q + lm(xy),x + y). 

Hi m o,o has a group structure from the following lemma and is called 
the Heisenberg group ofO. 

Lemma 8.1. (1) G is a group with respect to the multiplication. 

(2) G and H Im0 ,o are subgroups of G; G = Spin(7). 

(3) G is the semi-direct product Go x Hi m o,o- 

Proof. (1) Let g = (gi,g2,gs),h = (h,h 2 ,h 3 )J E Spin(7), p,q,r E 
ImO and x,y,z E O. Because of g 3 l = 1 and ( 12.31 c) (ii). we see 
g 3 (lm.{y{h 1 z)) = 1m((g 1 y)(g 1 hiz)). Then 

((d,P,x)(h,q,y))(f, r, z) 

= (ghf,p + g 3 q + g 3 h 3 r + lm(x{jgiy)) 

+ lm(x(g 1 h 1 z)) + \m{{g x y){g 1 h x z)),x + g x y + g x h x z) 
= (ghf,p + g 3 q + Qshr + lm(x(g x y)) 

+ lm(x(g x h x z)) + g 3 (lm(y(h x z))), x + g x y + g x h x z) 
= (g,P,x)((h,q,y)(f,r,z)). 
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Thus the associativity hold. The identity element is (1,0,0) and the 
inverse element of (g,p,x) is (g^ 1 , —g 3 1 p, ~g : [ 1 x). Hence (1) follows. 

(2) Because (g, 0, O)" 1 ^, 0, 0) = (g~ l h, 0,0) and (l,p, x)- 1 ^, q, y) = 
(1, *, *), we see that Go and Hi m o,o are subgroups of G and obviously, 
G = Spin(7). Hence (2) follows. ' 

(3) Let \g,p,x) G H Im0 ,o where g = (g 1 ,g 2 ,g 3 ) e Spin(7). Then 
G = G H ImO ,o follows from {g,p,x) = (g, 0, 0)(1, g^p, g^x). Obvi- 
ously G nH ImO ,o = {(1,0,0)}. Because of (g,p, x)(l, q, y)(g,p, x)' 1 = 
(1,*,*), we see (g,p, x)(Ri m0 ,o)(g,P, x)' 1 C Hi m0 ,o- Thus H Im0 ,o is 
a normal subgroup of G. Hence G = Go x Hi m o,o- D 

Hereafter, we identify Go with Spin(7). Then we can write G = 
Spin(7) x H Im0 ,o and use the notation Spin(7) x Hi m0 ,o- Next, we 
denote G' := {(g,p,0)\ g G Spin(7),p G ImO} and N' := {(l,p,0)| p G 
ImO} C G'. Moreover, we denote G" := {(g,p,x)\ g G G2, p, x G 
ImO} and G ' := {(g, 0, 0) | g G G 2 } C G" and define * 

Himo.imo :={{l,p,q) \p,qe ImO} C G" . 

Easily, we can prove the following lemma. 

Lemma 8.2. (1) G' and G" are subgroups o/Spin(7) x Hi m o,o- 

(2) Spin(7) and N' are subgroups of G'; N' = ImO. 

(3) Gq and Hi m o,i m o a,re subgroups of G"; G ' = G2. 

(4) G' is the semi-direct product Spin(7) x N. 

(5) G" is the semi-direct product Gq x HimojmO- 

Hereafter, we identify N' with ImO and G ' with G2. Then we can 
write G' = Spin(7) x ImO and G" = G2 x Hi m o,i m o, respectively, 
and use the notations Spin(7) x ImO and G2 x Hi m o,i m o- The map 
ip : Spin(7) x Hi m o,o — > (F4(-20))p- is defined by 

(f(g,P,x) ■= exp(g 2 (p) + Gi(x))<po(g) 
= expQ 2 (p)expQ 1 (x)(p (g) = expg 1 (x)expQ 2 (p)<po(g) 

for (g,p,x) G Spin(7) X H Im0 , (see <\7M ). From (J3Z3J, (FTTH a) and 
(17.1 li b), we see (p(g,p,x)P~ = P~. So ip is well-defined. 

Lemma 8.3. Let g = (gi, g 2 , g 3 ) G Spin(7), p, q G ImO and x, y G O. 
(E3D <p (g) exp(G 2 (p) + g^x))^^)" 1 = exp(g 2 (g 3 p) + g x {gix)). 

Proof Put S = {-E, + E 2 , P-, E, E 3 , F£{q), Q + (y), Q~{z)\ q G 
ImO, y, z G O} and A = po(g). Because of A exp(^ 2 (p) + Gi(x))A 1 = 
exp(A(g 2 (p) + gi(x))A~ l ) and (ll.5l b). it is enough to show that 

(i) Ag 2 {p)A~ l x = g 2 (g 3P )x, (ii) Ag^A^x = g 2 ( 9l x)x 

for all X G S. 

(Step 1) We show (i) by using and flUUJa). 

Case X = P-,E, E 3 , Q+(y). Then Ag 2 (p)A~ l X = = g 2 {g 3 p)X. 
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Case X=-E x + E 2 . Then AQ 2 {p)A- 1 {-E 1 + E 2 ) = -2Fl(g z p) = 
g 2 (93P)(-E 1 + E 2 ). 

Case X = Fl{q). Because (g h g 2 , g 3 ) G Spin(7), AQ^pjA^F^q) = 
-2(p\g^q)p- = -2(g 3 p\q)P~ = g 2 (g 3 p)Fi(q). 

Case X = Q~(z). From fl23k)(iii), we see that AC^Qo)^ 1 ^^) = 

-2g+(^ 1 (p(^r 1 ^))) = -2Q+((<m^) = G2{g&)Q-(z). 

Thus (i) follows. 

(Step 2) We show by (ii) using ([33]) and flZZEffl b). 

Case X = E, P~. Then ^(x)^- 1 ^ = = Q x {g 2 x)X. 

Case X = -Ei + £ 2 . Then AQ 1 {x)A~ 1 {-E x + £ 2 ) = -Q-(g x x) = 
g 1 (g 1 x)(-Ei + E 2 ). 

Case X = E 3 . Then A&fcJA- 1 ^ = Q + (gix) = Qi(gix)E 3 . 

CaseX = Q + {y). Because (91,92,93) e Spin(7), A^i(x)A _1 (5 + (y) = 
-2(ar|(/i- 1 y)P- = -2(^x|y)P- = g 2 (g lP )Q+ (v) ■ 

Case X = F£(q). From fl2T3lc) (iii) . we see that AQi(x)A~ 1 F^(q) = 
F^(gi((g^q)x)) = Fl(q( gi x)) = Q 1 (gix)F^(q). 

Case X = Q (z). Because of (91,92,93) £ Spin(7) and (12.31 c) (ii). 
Ae^ P g 1 (x)A- 1 Q-(z) = 2(x\g^z)(E - 3E 3 ) + Fi(2g 3 lm(x(g^z))) = 
2( 9l x\z)(E - 3E 3 ) + Fl(2( gi x)-z) = G^g^Q- (z). 

Thus (ii) follows. Hence the result follows. □ 

Lemma 8.4. Let g = (gi, g 2 , g 3 ) G Spin(7), p, q G ImO and x,y G O. 
(J83D exp(£ 2 (p) + g x (x)) exp{g 2 {q) + g 1 ( y )) 

= exp(g 2 (p + q + Im(xy)) + Q x (x + y)). 

Proof. Put f(p,x,q,y) G End K (J rl ) as 

f(p,x,q,y) =exp(£ 2 (p) + £i(a;))exp(£ 2 (g) + £i(y)) 
- exp(£ 2 (p + g + Im(xy)) + Q x (x + y)). 

Let Pi,qi,Xi,yi be variables defined as p = Y,i=iPi e u Q = J2i=i<li e i, 
x = Yli=o x i e i an d y — Yli=oyi e i- Fix X, Y G Put the function 
Fx,y(p,x,q,y) = (f(p,x,q,y)X\Y). From flUD and (17.121). we see 

(E?=o( 1 ')" 1 ^(g) i )Eto(i!)-^i(z/) i ) 

"(£ M)( i! ) _1 &(P + ? + M*5))')(£ t=o(<0-^i(* + v)') 

and it is clear that Fx,y(p, x, q, y) is a polynomial function. Now from 
Lemma 17.91 there exists a neighborhood U of in (ImO x O) 2 such 
that f(p,x,q,y) = for all (p,x,q,y) G U. Then Fx,y(p,x,q,y) = 
for all (p,x,q,y) G U. Since Fx,y(p,x,q,y) is a polynomial function, 
Fx,y(p,x,q,y) = for all (p,x,q,y) G (ImOxO) 2 . Moving X, K G J 1 , 
we obtain f(p,x,q,y) = 0. Hence the result follows. □ 
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Lemma 8.5. ip is a group homomorphism. Furthermore, 

flB3) ^(Spin(7) x H Im0 ,o) = N + M C (F 4 (_ 2 o))p- 

Proo/. Let F(p ,^o) = exp(g 2 (p )+Q 1 (x )) for (p 0) ^o) e H Im0 ,o- From 
(B , (E3D and Lemma EZP), we see 

<f(g,P,x)v(h,q,y) = F(p,x)(cpo(g)F(q,y)ip (g)- 1 )ip (gh) 



--F(p, x)F(g 3 q, giy)ip (gh) = F(p + g 3 q + lm(x(giy)),x + giy)<p Q (gh) 



=ip(gh,p + g 3 q + Im(x(#iy)), x + ^y). 

Thus is a group homomorphism. Moreover, (18 .5ft follows from the 
definition of ip and (I7.4p . □ 

Let 1/ be a M-linear space and N a nilpotent subgroup of GLr(V). 
For v G V, the subset Orb^iy) of is called a parabolic type plane. 
Denote nilpotent subgroups N\ and N 2 in N + = v?(Hi m o,o) as 

iVi := y?(ImO), N 2 := y?(H ImCM mo) 

respectively, and the subsets Ve 3 ,p-, Vp- and Vq+(i) of J" 1 as 



{x g ^x^-il ^ x x = -e 3 , g(x) = i}, 



{X e J 1 ] P x X = -2~ X P-, X x2 = 0, tr(X) = 1}, 

{x e v P - \ g + (i) x x = o} 



?V(i) 
respectively. 

Lemma 8.6. The following equations hold. 

0a) Ve 3iP - = {{-E 1 + E 2 ) + 2F 3 \p) + 2{p\p)P~\pe\mO} 

= {expG 2 (p)(-E 1 + E 2 )\pe ImO} 

= Orb Nl (-E 1 +E 2 ) 

= Orb (F4( _ 20))E3p _(-E 1 + E 2 ). 

(JHUb) Vp- = {E 3 + Q+(x) + (x\x)P-\ xeO} 

= {expQ 1 (x)E 3 \ x E O} 

= Orb N+ (E 3 ) 

= Orb {F H -2 0) ) P -( E ^- 

(JHSJc) Vq+(i) = {^3 + Q + (x) + (x\x)P~\ x e ImO} 

= {exp Qi(x)Es\ x e ImO} 

= Orb N2 (E 3 ) 

= Orb (F^ 20) ) Q+(1) (E 3 ). 

Proof, (a) First, set V = {(-E 1 + E 2 )+F 3 1 (2p) + 2(p\p)P~ | p G ImO}. 
By dHHa)(i), {-E l +E 2 )+F 3 l {2p)+2(p\p)p- = ex P g 2 (-p)(-E l +E 2 ). 
Thus V = {expg 2 (p)(-E 1 + E 2 )\pe ImO} C Orb Nl (-E l + E 2 ). 
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Second, fix X G Ve 3 ,p-- Because of J72 x (2P 3 ) -1 = -^1 + F 2 ) © 
RP- © ^(ImO), X can be expressed by X = r(-E 1 + E 2 ) + P 3 (2p) + 
sP~ for some r, s G R and p G ImO. By direct calculations, P x 
X = -rE 3 . Then r = 1 and X = (-E 1 + E 2 ) + F 3 1 (2p) + sP~. 
Because of 1 = Q(X) = (1 + s) 2 — s 2 — 4(p|p), we see s = 2{p\p) and 
X = {-E l + E 2 ) + 2F 3 1 {p) + 2{p\p)p-. Thus X G P and so V Ea ,p- C "P. 

Third, since Ni is a subgroup of (F 4 (_ 20 ))p 3 p-, we see Orb^^—Ei + 
E 2 )cOrb {F4{ _ 20))E:jP _(-E l + E 2 ). 

Last, by virtue of the definition of Pp 3i p-, (F4(_ 2 o))p 3 ,p- acts on 
Ve 3 ,p-- Because of -E x + E 2 e V E3 ,p-, we see Orb^ A{ _ m ) B ^ p _ (-E 1 + 
E 2 ) C Ve 3 ,p-- Consequently V E3 ,p- C V C Orb Nl {-Ei + E 2 ) C 
0r V4 ( - 2 o))j 3 ,P-(-£i + ^2) C Pp 3 , P -. Hence (JHSla) follows. 

(b) First, set 7" = {P 3 + Q+(x) + (x|x)P~ | x G O}. By (l7TTl b)(iv). 
P 3 + <2 + (V) + (x|x)P- = exp^!(x)P 3 . Thus P' = {expg 1 (x)E 3 \ x G 
0}cOrb N+ (E 3 ). 

Second, fix X G Vp-. By (11.51 b). X can be expressed by X = 
r(-E 1 + E 2 ) + sP~ + uE + vP 3 + P 3 (p) + + for some 

r, s, u, v G K p G ImO and 2, ?/ G O. By direct calculations, P~ x X = 
—2~ 1 (u + v)P~ — rP 3 + Q + (y) and therefore r = y = 0, m + v = 1 
and X = sP- + (1 - v)£ + vP 3 + P 3 G») + Q + {x). Because of 1 = 
tr(X) = 3{l-v) + v, we see v = 1 and X = E 3 + sP~ + F^p) + Q + (x). 
Because of = X x2 = ((x\x) - s)P~ - P 3 (p) + (p\p)E 3 + Q~(px), we 
see p = and s = (x\x). Thus X = E 3 + (x\x)P~ + Q + (x) G V and 
so V P - C P'. 

Third, since N + is a subgroup of (F 4 (_ 2 o))p-, we see Orb N +(E 3 ) C 

Or& (F4(-20))p-(^3)- 

Last, by virtue of the definition of Vp-, (F 4 (_ 2 o))p- acts on Vp-. 
Because of E 3 G Vp-, we see Orb^ 4{ _ 20) ) p _(E 3 ) C Pp-. Consequently, 
we obtain V P - C P' C Orb N +(E 3 ) C Or& (F4( _ 20))p _ (P 3 ) C P P -. Hence 
(JHSJb) follows. 

(c) First, set P" = {P 3 +Q + (x) + (x|x)P-|x G ImO}. By (l7TTl b)(iv). 
P 3 + <2 + (V) + (ar|x)P _ = exp£iO)£ 3 . Thus V" = {expf?i(a;).E 3 j x G 
ImO} C Orb N2 {E 3 ). 

Second, fix X G Pq+(i)- Because of X G Pp- and (2), X can be 
expressed by X = E 3 + Q + (x ) + (xo|x )P~ for some x G O. By 
direct calculations, = Q + (l) x X = Re(xo)P~ and x G ImO. Thus 
X G V" and so P Q+(1) C V". 

Third, by flTTUa) and flTTBb) exp Q x {x) exp £ 2 (p)Q+(l) = Q+(l) + 
(x|l)P _ = Q + iX) for all x, p G ImO. Thus iV 2 is a subgroup of 
(F 4 (-20))q+(i) and so Orb N2 (E 3 ) C Or6 (F4( 20) ) Q+(i) (P 3 ). 

Last, by virtue of the definition of Pq+(i), (F4(_20))q+(i) acts on 
P Q+( i). Thus Or6 (F4( _ 20) ) Q+(i) (P 3 ) C V Q+{1) follows from P 3 G Pq+(i). 
Consequently P Q+(1) C P" C Orb N2 (E 3 ) C Or& (F4( _ 20))g+(i) (P 3 ) C 
Pq+(i). Hence (18. 61 c) follows. □ 
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It follows from Lemma FSTBI that Ve 3 ,p-, Vp- and Vq+(i) are para- 
bolic type planes. Let be the mappings from the suitable IR n to the 
parabolic type planes defined as 

h ■ ImO ->• V E3tP -; hip) := exp G 2 (p)(-E 1 + E 2 ) for p G ImO, 

h-O^Vp-; f 2 {x) := exp G^Es for x G O, 

f 3 : ImO -)■ Pq+ ( i); / 3 (:e) := exp£i(:r)P 3 for x G ImO 

respectively. 

Lemma 8.7. h zs a bijection for any i £ {1,2, 3}. 

Proo/. Case h- By 0a), P E3)P - = {hip) \ p G ImO}. Then h 
is onto. Now if p, q G ImO and p ^ q, then (— E\ + P 2 ) + 2P 3 1 (p) + 
2(p|p)p- ^ (-^ + E 2 ) + 2F 3 1 (g) + 2(g|g)P~. Thus /1 is one-to-one. 

Case f 2 . By flBTBlb). P P - = {f 2 (x) | x G O}. Then / 2 is onto. 
Now if x, y G O and x ^ y, then / 2 (x) = P 3 + Q + ix) + (x|x)P~ 7^ 
£3 + Q + iy) + iy\y)P~ = hiy)- Thus f 2 is one-to-one. 

Case / 3 . By (18.6( c). Pq+(i) = {/ 3 (^) | x G ImO}. Then f 3 is onto. 
Now if x, y G ImO and x ^ y, then / 3 (x) = P 3 + Q + ix) + {x\x)P~ ^ 
E3 + Q + iy) + iy\y)P~ = hiy)- Thus h is one-to-one. □ 

The homomorphism <pi : Spin(7) x ImO —> (F 4 (_20))b 3 ,p- is defined 
by the restriction tpi := <^|Spin(7) x ImO: 

Vi{g,P) = <p{g,P,Q) = exp£ 2 (p)<£>o(#) for (g,p) G Spin(7) x ImO. 
From f)3.3p and (17. 111 a) (iv) . we see ipig,p)E 3 = E 3 , ipig,p)P~ = P~ . 
So (fi is well-defined. The homomorphism <p 2 : G 2 x Hi m o,i m o — > 
(F4(-20))q+(i) is defined by the restriction (p 2 := (f\G 2 x Hi m0 ,i m o: 

ip 2 ig,p,q) = exp(G 2 (p) + £i(<?)Vo(fiO for e G 2 X Hi m0 ,i m o- 

From flTXQa) and (17311 b). we see (p 2 ig,p,x)Q + il) = Q + (l). So 

<^ 2 is well-defined. 

Proposition 8.8. (1) ipi is an isomorphism onto (F 4 (_ 20 ))£ 3i p-. 

(2) if is an isomorphism onto (F 4 (_ 20 ))p-. 

(3) ip 2 is an isomorphism onto (F 4 (_ 20 ))q+(i). 

Proof. (1) We show that (pi is an onto and one-to-one. Let g G 
(^4(-20))e 3 ,p-- From (JHlIJa), we see gi~E 1 + E 2 ) = exp g 2 (p)i-E t +E 2 ) 
for some p G ImO. Because of exp (? 2 (— p)gi~ E\ + E 2 ) = —Ei + E 2 and 
(17. Ili a), we see exp(? 2 (— p)gY = Y where Y = E 3 or P and there- 
fore exp^ 2 (-p)^ G (i ? 4(-20))-E 1 +B 2 ,E 3 ,P- = ( i7 4(-20))s 1 ,i? 2 ,i ; 3,F3 1 (l) = 

B 3 . Thus exp(? 2 (— p)g = <^o(^) f° r some g G Spin (7) and so g = 
expg 2 ip)(poig) = ifiig.p). Hence ipi is onto. 

Take ig,p) G Ker(^i). By Q, -P x + P 2 = ^(g^-Ei + E 2 ) = 
expg 2 ip)ip ig)i-E 1 + E 2 ) = exp£ 2 (p)(-Pi + E 2 ) = hip). From 
Lemma IH31 we see p = and y?i(<?,p) = foig), and Lemma |3~2T 2). 
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g = 1 where 1 denotes the identity element of Spin(7). Thus Ker(y?i) = 
{(1,0)} and so tpi is one-to-one. Hence (1) follows. 

(2) Let g G (F 4 (_ 20 ))p-. From (18. 61 b). we see gE 3 = expQi(x)E 3 for 
some x G O. Because of exp x)gE 3 = E 3 and exp Q\[— x)gP~ = 
P~ (see (17. 11 l b)), we see exp£i(-x)g G (F 4 (_20))e 3i p-- Thus by (1), 
exp^i(— x)g = exp ^2(p)v 9 o(fl') for some (g,p) G Spin(7) x ImO and so 
g = expQi(x)expQ2(p)<po(g) = <p(g,p,x). Hence if is onto. 

Next, take (g,p,x) G Ker(<£>). From (13.31) and (17.1 li b), we see 
E3 — ¥(.9,P, X )E 3 = expQi(x)E 3 = / 2 (x). By Lemma IH771 x = and 

<pig,p,Q) = <pi(g,p) e (f 4 (-2o))p 3 ,p- Then b y (g,p) e Ker(^i) = 

{(1,0)}. Thus Kei((p) = {(1,0,0)} and so if is one-to-one. Hence (2) 
follows. 

(3) By (2), the map <y2 2 is a restriction map of isomorphism ip. Thus 
ip>2 is a mono-morphism. Take g G (F 4 (_ 2 o))q+(i)- Because of P = 
Q + (l) x2 , we easily see that (F 4 (_ 2 q))q+(i) is a subgroup of (F 4 (_ 20 ))p-. 
By (2), g = (p(g,p,x) for some (#,p,x) G Spin( 7) x H Im0 ,i m o with 5 = 
(91,92,93)- From (JX3D, d7HJa)(vi) and jZUlb) (vi) , we see Q+(l) = 

p,x)Q + (l) = Q + (gil) + 2(x\g 1 l)P-. Then g x l = 1 and = 
(x|<7il). Because of = (x|^il) = (x\l), we see x G ImO, and because 
of g G Spin(7), #il = 1 and (12.41 b). we see g G G 2 . Thus (g,p,x) G 
G 2 x Hi m o,imO and so y? 2 is onto. Hence (3) follows. □ 



Corollary 8.9. 

(IBI2J (F 4 (- 20 ))p- = A^ + M = MN + . 

Proof. Because of (JSSJ and Proposition ES(2), (F 4( _ 20 ))p- = iV+M. 
By (JH3D, v2 (5 , )exp(^ 2 (p) + Gi{x)) = exp(g 2 (g 3 p) + Gi(gix))<p (jg) for 
all (g,p,x) G Spin(7) x Hi m0 ,o where g = (g 1 ,g 2 ,g 3 ). Thus N + M = 
MN + . □ 



Proposition 8.10. Let p, q G M and p ^ q. 

(1) Let y = P- + g(£ - £ 3 ) + pE 3 G J -1 . Tnen (F 4( _ 20) )y = 
(F 4 (- 2 o))p 3 ,P- = Spin(7) x ImO. 

(2) Let Y' = P + + q(E - E 3 ) + pE 3 G J 1 . Then (F 4( _ 20) )y> = 
^((F 4( - 20 )) B3 ,P- = Spin(7) x ImO. 

Proof. (1) Obviously (F 4 (_ 2 o))p 3 ,p- C (F 4( _ 20 ))y. Conversely, take g G 
(F 4( _ 20 ))y • Because of pE - Y = (p - q+ 1)E 1 + (p-q-l)E 2 + Ff(-1) 
and (Old), we see (pE - Y) x2 = (p - q) 2 E 3 and tx({pE - Y) x2 ) = 
(p - q) 2 jL 0. Then E Y , P G J 1 is well-defined and E Y , P = E 3 . By 
(UHQDCiii), gE 3 = gE Y)P = E gY , P = E Y)P = E 3 . Then gP~ = g(Y-pE 3 - 
q(E-E 3 )))=Y-pE 3 -q(E-E 3 )=P-. Thus g G (F 4( _ 20) ) £3iP - and 
so (F 4 (_ 20 ))y C (F 4 (_ 20 ))b 3j p-. Hence (F 4 (_ 20 ))y = (F 4 (_ 2 o))£ 3i p- = 
Spin(7) x ImO follows from Proposition 18.8( 1). 
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(2) Obviously (F 4 (-2o))y = (F 4 (_ 20 ))-y. Put Z = p--q(E-E 3 ) - 
pE 3 . Because of cr(-Y') = P~ - q(E - E 3 ) - pE 3 = Z and (1), we 
see that (F 4 (_ 20 ))_y/ = cr((F 4 (_ 2 o))^) = 5-((F 4 (_ 2 o))b 3i p-)- b Y Proposi- 
tion [8^1), we have (F 4 (_ 20 ))y = a-((F 4 (_ 20 ))s 3 ,p-) = (F 4( _ 20 ))p 3 p- - 
Spin(7) ix ImO. □ 



Proposition 8.11. Let rel. 

(1) Let Y = P- +rE e J 1 . Then (F 4( _ 20) )y = (F 4( _ 20) )p- = 
Spin(7) ix H Im0 ,o- 

(2) Let Y' = P+ + rE E J 1 . Then (F 4( _ 20) )y = cr((F 4 (_ 2 o))p-) = 
Spin(7) x H Im0 ,o- 

Proof. (1) Since the element E is invariant under the F 4 (_ 2 o)-action, 
(F 4 (_ 20 ))y = (F 4( _ 20 ))p-. By Proposition EM?), we have (F 4( _ 20) ) y = 
Spin(7) x H Im0 ,o- 

(2) Obviously (F 4( _ 2 o))y = (F 4 (_ 20 ))_y. Put Z = P~ - rE. Be- 
cause of a(-Y') = P~ — rE = Z and (1), we see (F 4 (_ 20 ))_y/ = 
5"((F 4 (_ 20 ))z) = cr((F 4 (_2o))p-)- By Proposition 18.8( 2). we obtain that 
(F 4 (_ 20 ))y = cr((F 4( _2o))p-) = (F 4( - 20 ))p- = Spin(7) x Hi m0 ,o- □ 



Proposition 8.12. Let Y = Q + (l) + rE G J 1 where r G E. Then 
(F 4 (_ 2 o))y = (F 4 (_ 20 ))q+(i) = G 2 x Hi m0 ,imO- 

Proof. Since the element E is invariant under the F 4 (_ 20 )-action, we see 
(F 4 (_ 2 o))y = (F 4 (_ 2 o))q+(i). Hence it follows from Proposition 18.8( 3). 

□ 



Proof of Main Theorem [21 By Main TheoremHJ we have a concrete 
orbit decomposition of J 1 under the group F 4 (_ 20 ) . Because of Propo- 
sitions EM ES EI21 EM EHH EM and gE = E for all g G F 4( _ 20) , we 
determine the Lie group structure of the stabilizer for each F 4 (_ 20 )-orbit 
on J 1 . □ 



Remark 8.13. Denote the quaternions H := {J2^=o aiei \ ai e ^} aric ^ 
F a real division algebra R, C, H or O. J.A. Wolf ([211 120]) gave 
Heisenberg groups H p q F and G Ptq< F- Then -^1,0,0 is equal to the group 
Himo.o an d ^1,0,0 is equal to the group Spin(7) x H Im0 ,o- F.W. Keene 
showed MN + U G 1A o in his thesis (cf. 0, [23I])- In Propositions ES\ 
and 18. 9[ it appears that the subgroup MN + = G^o.o in F 4 (_ 20 ) is the 
stabilizer of the element P~ . 
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